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Abstract In this work, the geodesic equations of motion of a test particle in the Kerr-Newman
(KN) anti de Sitter spacetimes are presented in the light of the Hamiltonian-Jacobi formalism. We
have examined, in the frame of KN anti de Sitter spacetimes, the spherical and circular orbits that
the test particle may describe in a rotating charged black hole, discarding the gravitational and
electromagnetic radiation and found that bounded spherical and circular stable orbits can exist in
the regions of 0 < r < r− in which r− is the inner event horizon of the black hole.
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1 Introduction

A Kerr-Newman anti de Sitter black hole is the generalised rotating Kerr black hole which is an
axisymmetric solution of the Einstein-Maxwell equations with the cosmological constant Λ taken into
account[1]. The geometrical structure as the solutions with the cosmological constant Λ, provides
asymptotically de Sitter spacetimes under the consideration of an attractive cosmological constant, Λ < 0.
It may contain black hole horizons along with its singularity. It has been shown recently that the anti
de Sitter spacetime plays an important role in the multidimensional string theory[2]. The cosmological
constant not only plays important roles in higher gravitational physics but also, it has become one of the
most fundamental spacetime curvature constants and is likely the most probable candidate that would
explain the late acceleration of the universe. It has the potential to solve one of the mysteries of current
observations, the so called Dark Energy problem [3], [4], [5]. Additionally, spacetime geometry, galaxy
peculiar velocities, structure formation and early universe physics, support a flat universe model with
a cosmological constant[6]. Such a scenario has motivated to introduce spherical symmetric spacetimes
with cosmological constant for studying the effects of vacuum energy predicted by Einstein. An approach
for understanding the physical properties of spacetimes is to investigate the behaviour of a test particle.
Chandrasekhar[7] discussed the general types of particle orbits in a black hole gravitational field: orbits
of the first kind which are completely confined outside the black hole event horizon, and orbits of the
second kind which penetrate inside the black hole. In the case of rotating or charged black hole, there
are bound periodic planetary orbits known as the orbits of the third kinds which neither come out nor
terminate at the central singularity[8]. The third kind of bound orbits inside the black hole horizon were
discussed by [9], [10] for charged particle in the vicinity of the rotating charged black holes and by [11]
for neutral particle. The third kind of bound circular orbits that can exist in the KN de/anti de Sitter
spacetimes were again discussed by[12]for both neutral and charged particles.

The physical properties of the Kerr-Newman anti de Sitter spacetimes are appropriately described
by their geodesic structure which determines the motion of a test particle. The motion of such a test
particle in a spherical region can be considered in a relatively simple and easily tractable way. We shall
analyse the properties of the circular and spherical motion for the black hole spacetimes with the repulsive
cosmological constant. In Kerr-Newman anti de Sitter black hole spacetimes with appropriately tuned
parameters, an unusual effect might exist resulting a spherical stable orbit which is bounded in the regions
of 0 < r < r− in which r− is the inner event horizon of the black hole, by ignoring the gravitational and
electromagnetic radiation in the frame of KN anti de Sitter spacetime. No such effect appears in the
spherically symmetric Schwarzschild-anti de Sitter and Reissner-Nordstrom-anti de-Sitter spacetimes in
which the repulsive barrier always diverges at the black hole and cosmological horizons.
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In this paper, we attempt to investigate the geometrical properties of the Kerr-Newman anti de sitter
spacetimes with non zero cosmological constant and to explain as how the Carter’s constant affects motion
out of the equatorial plane. The properties of spherical orbit of a test particle in the gravitational field of
KN anti de Sitter black hole are analysed. We will use the units G = c = 1 throughout the paper.

1.1 Kerr-Newman anti de Sitter Geometry

In the standard Boyer-Lindquist coordinates(t, r, θ, φ), the Kerr-Newman anti de Sitter spacetimes interior
to the cosmological horizon and exterior to the black hole embedding in the background of the KN anti
de sitter spacetimes, is completely determined by the four parameters: the charge e, mass M , angular
momentum a(= J/M) per unit mass of the black hole and non zero cosmological constant, Λ. The
corresponding metric with a non zero cosmological constant takes the form [13]:

ds2 = −∆r

ρ2

(dt
I
− a sin2 θdφ

I

)2 + ∆θ sin2 θ

I2

[adt
ρ
− (r2 + a2)dφ

ρ

]2 + ρ2(dr2

∆r
+ dθ2

∆θ

)
, (1)

where the functions ρ, ∆r, ∆θ and I are defined respectively by

ρ2 = r2 + a2 cos2 θ , (2)

∆r = (1− Λr2

3 )(r2 + a2)− 2Mr + e2 , (3)

∆θ = (1 + Λa2 cos2 θ

3 ) , (4)

I = 1 + Λa2

3 . (5)

The electromagnetic field for the source is given by the vector potential

Aµ = er

Iρ2 [δtµ − a sin2 θδφµ] . (6)

We take a to be positive. If e = 0 then, the electromagnetic field tensor Eq.(6) vanishes and the
metric Eq.(1) satisfies the vacuum Einstein’s field equations. The corresponding non-zero contravariant
components gij of the metric are obtained as

gtt = I2

∆r∆θρ2 [∆ra
2 sin2 θ −∆θ(r2 + a2)2] , (7)

gφt = gtφ = I2

∆r∆θρ2 [∆r −∆θ(r2 + a2)2] , (8)

gφφ = I2[ 1
sin2 θ∆θρ2 −

a2

∆rρ2 ] , (9)

grr = ∆r

ρ2 , (10)

gθθ = ∆θ

ρ2 . (11)

The quanity Λ can be identified as the cosmological constant associated with the characteristic length
scale ` taken as −3

`2 . We can find the horizon radii by finding the roots of the equation ∆r = 0. For
simplicity we take the roots as rn, r−, r+ and rc, i.e.

∆r(r) = (r − rn)(r − r−)(r − r+)(r − rc) , (12)

where r− and r+ are the inner and outer horizons of the black hole respectively. rc is the cosmological
horizon for observers between rc and r+. rn (< 0) is the another cosmological horizon inside the
singularity at r = 0. The roots are obtained as in[14]:

r± = X+ ± `
√
Y− , rn = r∗c = −X+ + i`

√
Y+ , (13)
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where

X+ =
√

(`2 + a2)
6


√

1 + 12`2(a2 + e2)
(`2 + a2)2 cosh

1
3 cosh−1

(
4 + 54M2`4

(`2+a2)3 − 3(1 + 12`2(a2+e2)
(`2+a2)2 )

)
(

1 + 12`2(a2+e2)
(`2+a2)2

) 3
2

− 1


1
2

,

and

Y± = M

2X+
±
X2

+
`2 ±

1 + a2

`2

2 . (14)

For Λ < 0, we get two real roots when Y− > 0, which are physically acceptable and the remaining two
are imaginary, when Y− < 0 all the roots are imaginary which are not physically acceptable but when
Y− = 0 the first two roots coincide and the remaining roots are imaginary. The typical plot showing
the positions of horizons for Λ < 0 are shown in the Figure(1). We emphasize the general properties of
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Figure 1. Graphics showing the positions of event horizons as solutions of ∆r = 0 for the case Λ < 0. The curve I
shows naked singularity for the values of e = .1, a = .4, `2 = .007 and M = 889, II for extremal event horizon at
the values of e = .1, a = .4, `2 = .7 and M = 79 and the curve line III for two well defined event horizons of the
black hole with the values of e = .1, a = .7, `2 = .7 and M = 89.

a test particle in the region of the black hole where 0 < r < r−. As analyzed in [15], here we rederive
the geodesic equation of motion of massive particle in the Kerr-Newman anti de Sitter spacetimes. The
Hamiltonian for the geodesic motion is given by

H[pi, xj ] = 1
2g

ij(pi − εAi)(pj − εAj) , (15)

where pi is the conjugate momenta to the generalized coordinates xi and ε is the charge of the test
particle. Since H does not depend explicitly on an affine parameter λ , the Hamiltonian is a constant
of motion. As such, by using the normalization condition, one finds H = −m

2

2 . If S = S(λ, xi) in which
λ is the affine parameter, is the action then, the conjugate momenta pi are defined by pi = ∂S

∂xi . The
corresponding equation of motion becomes

− m2

2 = gij

2 ( ∂S
∂xi
− εAi)(

∂S

∂xj
− εAj) . (16)

Substituting all the contravariant components of the metric into the eqn.(16), we get:

I2

∆θ sin2 θ
(aE sin2 θ − L)2 − I2

∆r

(
(r2 + a2)E − aL+ εer

I2

)2
+ ∆r

ρ2

(
∂S

∂r

)2
+ ∆θ

ρ2

(
∂S

∂θ

)2
(17)

+r2m2 +m2a2 cos2 θ = 0 .
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Separating the θ− and r− parts and equating them into a constant, K(say) with opposite sign, we get

∆r

(
∂S

∂r

)2
− I2

∆r

(
(r2 + a2)E − aL+ εer

I2

)2
+ r2m2 = −K, (18)

or

∂S

∂r
= ±

√
I2(E(r2 + a2)− aL+ εer

I2 )2 −∆r(K +m2r2)
∆2
r

= ±
√
R(r)
∆r

,

where

R(r) =
I2 (E(r2 + a2)− aL+ εer

I2

)2 −∆r

(
K +m2r2)

∆2
r

, (19)

and

∆θ(
∂S

∂θ
)2 + I2

∆θ sin2 θ
(aE sin2 θ − L)2 +m2a2 cos2 θ = K, (20)

∂S

∂θ
= ±

√
(K −m2a2 cos2 θ)∆θ − I2

sin2 θ (aE sin2 θ − L)2

∆2
θ

= ±
√
V (θ)
∆θ

,

where

V (θ) = (K −m2a2 cos2 θ)∆θ −
I2

sin2 θ
(aE sin2 θ − L)2 . (21)

The constant K is determined such that V (θ = π
2 ) = Q, Carter’s constant. We findQ = K−I2(aE−L)2 =⇒

K = Q+ I2(aE − L)2. We can write the solutions of the above equations as

Sr = ±
∫ r

√
R(r)
∆r

dr ,

Sθ = ±
∫ θ

√
V (θ)
∆θ

dθ ,

where R(r) and V (θ) are defined above. If there exists a separable solutions with some known constants
then, the action can be expressed as

S = −1
2m

2λ− Et+ Lφ+
∫ r

√
R(r)
∆r

dr +
∫ θ

√
V (θ)
∆θ

dθ . (22)

where we have considered the ± signs absorbed into the integration because of the necessity of changes
of the action only. With this action, the equations of motion of the test particle can be casted in the
following differential forms:

ρ2 ∂r

∂λ
= ±

√
R(r) , (23)

ρ2 ∂θ

∂λ
= ±

√
V (θ) , (24)

ρ2 ∂t

∂λ
= I2(r2 + a2)

[
E(r2 + a2)− aL+ erε

I

]
− I2a

∆θ
(aE sin2 θ − L) , (25)

ρ2 ∂φ

∂λ
= − I2

∆θ sin2 θ
(aE sin2 θ − L) + I2a

∆r

[
E(r2 + a2)− aL+ erε

I

]
, (26)

where

R(r) = I2
[
E(r2 + a2)− aL+ erε

I2

]2
−∆r

(
Q+ I2(aE − L)2 +m2r2) , (27)

V (θ) =
(
Q+ I2(aE − L)2 −m2a2 cos2 θ

)
∆θ −

I2

sin2 θ
(aE sin2 θ − L)2 , (28)
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where E and L are constants of motion, λ is an affine parameter along the null geodesics and Q is the
Carter’s constant determining the behavior of the particle’s motion in the θ-direction. It is obvious that
at the dynamic regions where ∆r > 0, there is R(r) > 0. The radial motion has no turning points there.
At the stationary regions, where ∆r ≥ 0, the turning points of the radial motion can be determined at
the points where R = 0. The effective potentials R(r) and V (θ) define the motion of the test particle in r-
and θ- directions. Thus, the study of a test particle in the gravitational field of the Kerr-Newman anti de
Sitter spacetimes is reduced to the study of motion of the test particle in the effective potentials R(r)
and V (θ). For a spherical orbit for which ṙ = 0, the following conditions are satisfied at some radius r:

R(r) = 0, ´R(r) ≡ dR(r)
dr

= 0. (29)

For the spherical orbit to be stable, the condition R′′(r) < 0 must also be satisfied.

2 Spherical orbits of neutral test particle in the black hole

2.1 Orbit of a particle of mass m = 1

Using the combined equations of (29),we have the following conditions:

R(r) =
(
IEa2 + IEr2 − aIL+ εer

)2 −
(
Q+m2r2 + I2(L− aE)2)

×(a2 − 2rM + r2 + e2 − a2r2Λ

3 − r4Λ

3 ) = 0 ,

R′(r) = (2IEr + eε) [−aIL+ EIa2 + r2IE + eεr]− [Q+m2r2 + I2(L− aE)2](−M + r − a2rΛ

3 − 2r3Λ

3 )

−m2r(a2 − 2rM + r2 + e2 − a2r2Λ

3 − r4Λ

3 ) = 0 ,

R′′(r) = 2(2ErI + eε)2 + 4IE(−aIL+ EIa2 + EIr2 + eεr)− 2((IaE − IL)2 +Q+m2r2)(1− Λa2

3 − 2Λr2)

−8m2r(−M − Λra2

3 + r − 2r3Λ

3 )− 2m2(e2 − 2Mr + a2 + r2 − a2r2Λ

3 − r4Λ

3 ). (30)

For simplicity, we consider for a neutral(ε = 0) test particle with its own mass m = 1 and the mass M = 1
of a black hole in the background of KN anti de Sitter spacetimes. In this case, equations (30) reduce to
the following forms:

R(r) =
(
IEa2 + IEr2 − aIL

)2 −
(
Q+ r2 + I2(L− aE)2) (a2 − 2r + r2 + e2 − a2r2Λ

3 − r4Λ

3 ) = 0 ,(31)

R′(r) = 2IEr[−aIL+ EIa2 + r2IE]− [Q+ r2 + I2(L− aE)2](−1 + r − a2rΛ

3 − 2r3Λ

3 )

−r(a2 − 2r + r2 + e2 − a2r2Λ

3 − r4Λ

3 ) = 0 , (32)

R′′(r) = 8E2r2I2 + 4IE(−aIL+ EIa2 + EIr2)− 2((IaE − IL)2 +Q+ r2)(1− Λa2

3 − 2Λr2) (33)

−8r(−1− Λra2

3 + r − 2r3Λ

3 )− 2(e2 − 2r + a2 + r2 − a2r2Λ

3 − r4Λ

3 ) .

We introduce a quantity called impact parameter b defined as b = L
E , for the neutral massive particle on

the spherical orbit. Using the equations.(31)and(32), we find two pairs of solutions for the energy E and
impact parameter b as

b1,2 =

(
±D2r − a2(r − e2 − Λr4

3 )[βr +Q(a2 − r(r − e2 − Λ(a2+e2)2

3 ))]
)

(
a(r − e2 − r4Λ

3 )[r((∆r − a2)2 − a2(r − e2) + Λa2r4

3 )] +Q
(
1− r + 2Λr3

3 + Λra2

3
)
a2
) (34)
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E2
1,2 =

(
∓2D2 + β1r

2 +Qa2[2(r − e2 + Λr4

3 + Λr2a2

3 )∆r

− r2(r − 1)2] + 6r2Λ(a2+2r2)(r2−r−∆r)
3 − r4Λ2(a2+2r2)2

3

)
(
I2r4[(r − 3r + 2e2)2 − 4a2(r − e2 + e2r2Λ

3 − 2Λr3

9
− Λr4

6 + a2r4Λ2

12 + 2r6Λ2

9 − a2Λr4

9 − 2r6Λ
9 )]

) (35)

where

D2
2 =

[
a∆r(r − e2 − Λr4

3 )
]2[

r4(r − e2 − Λr4

3 )−Q(r2 − 3r + 2e2 − Λr2a2

3 )r + a2Q2
]

(36)

,

β1 = (−2a2∆r + ((−1 + r)r − 2∆r)∆2
r + a2((−1 + r)2r2 − (−1 + r)r∆r + 4∆2

r))
−r2(a2 + 2r2)

(
a2(2(−1 + r)r −∆r) +∆2

r

)
Λ
3 + a2r6Λ2

3 (a2 + 2r2)2 ,

β2 = e4 − a2(r − e2) + 2re2(r − 2)− r2(3r − 4) +
[
r2Λ(a2+r2)

3

]2
+ 2r2Λ(a2+e2)(r−e2)

3 .

It is easy to verify that, for the first pairs of solution (E1, b1), stable periodic spherical orbits are realized
in the regions of 0 < r < r− in which r− is the inner event horizon of the black hole with the condition
that will exist only 0 < Q < Qm in which Qm is the root of the equation R′′(r) = 0 and is given by

Qm = −I2L2 + 2aI2EL(a2+6r2)Λ3 −I
2E2(a2+6r2)(1+ a2Λ

3 )
(−1+ a2Λ

3 +2r2Λ)
+ e2+a2− 11a2r2Λ

3 −10r+11r2− 29r4Λ
3

2(−1+ a2Λ
3 +2r2Λ)

. (37)

2.2 Spherical orbits of photons in the black hole

The spherical photon orbit corresponds to the limit equivalent to the case when ε = 0, m = 0. Photon
orbit is dependent on two parameters: the azimuthal impact parameter b = L/E and the latitudinal
(tangential) impact parameter q = Q/E2. The stability condition given eqn.(29) in the ultra relativistic
limit for very massive particle energy for the spherical orbit is simple and found as

b1 = 1
a(1+ 2

3Λr
3+Λra2

3 −r)

[
r(r2 − 3r + 2e2) + a2(1 + r + Λra2

3 )
]
, (38)

q1 = I2r2

a2(1−r+ 2
3Λr

2+Λa2r
3 )2

[
4a2(a

2r2Λ
6 − a2r4Λ2

9 + r − e2 − r3Λ+ 2
3r

2e2Λ)− (−3r + r2 + 2e2)2
]
, (39)

b2 = r2 + a2

a
, (40)

q2 = −I
2r4

a2 . (41)

Here, it is verified that the first pair of impact parameters (b1, q1), corresponds to stable spherical photon
orbits, while the second pair (b2, q2), to unstable ones in the inner horizon of the black hole but just
before the singularity of the black hole.

2.3 Circular orbits as a relativistic limits of spherical orbits

The equatorial circular photon orbit reduces from the the spherical orbits. Such circular orbit is equivalent
to the case when ε = 0, m = 0, Q → 0 in the relativistic limit of the spherical orbits. The stability
conditions given by eqn.(29) for orbits give two equations as

R(r) =
(
−aL+ (a2 + r2)E

)2 −
{

(1− 1
3Λr

2)(r2 + a2)− 2r + e2} (aE − L)2 = 0 , (42)
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R′(r) =
(
−aL+ (a2 + r2)E

)
2Er − (r − 2

3Λr
3 − Λra2

3 − 1)(aE − L)2 = 0 , (43)

R′′(r) = 8E2r2I2 + 4I2E(−aL+ Ea2 + Er2)− I2(aE − L)2(2− 2a2Λ
3 − 4r2Λ) , (44)

from which we have a corresponding relation for equatorial circular photon orbits in the relativistic form as

(r − 3r + 2e2)2 = 4a2(r − e2 + e2r2Λ
3 − 2Λr3

9 − Λr4

6 + a2r4Λ2

12 + 2r6Λ2

9 − a2Λr4

9 − 2r6Λ
9
)
.

The photon orbit depends on the latitudinal (tangential) impact parameter q = Qrel/E
2. The equation

in the ultra relativistic limit gives two possible solutions for impact parameters:

b1,2 = ±D2r
2 + aβ2[

(∆r − a2)2 − a2(r − e2) + Λa2r4

3

] , (45)

where

D2
2 = ∆2

r(r − e2 − Λr4

3 ), (46)

and

β2 = e4 − a2(r − e2) + 2re2(r − 2)− r2(3r − 4) +
[
r2Λ(a2+r2)

3

]2
+ 2r2Λ(a2+e2)(r−e2)

3 . (47)

We verify that, for the first pair of impact parameters, (b1, q1), stable periodic equatorial circular orbits
are realised in the regions of 0 < r < r− in which r− is the inner event horizon of the black hole, while
the second pair, (b1, q2), to unstable ones.

3 Conclusion

We have investigated geodesic equations of a test particle in the Kerr-Newman (KN) anti de Sitter
spacetimes in light of the Hamiltonian-Jacobi equation of motion. It has been observed that in the internal
space-time domain 0 < r < r− where r− is the inner horizon of the black hole, there exists spacious
R-region where a test particles may trace a spherically stable orbits which are bounded and finally, it is
shown that the circular orbit as a relativistic limit of the spherical orbit of the test particle, can exist the
stable and bound orbits in the black hole in framework of the anti de sitter spacetimes.
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