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Abstract. We examine locally rotationally symmetric Bianchi Type I massive string 
cosmological models with bulk viscosity and time varying cosmological term () (vacuum 
energy density). To get the deterministic models of the universe, we consider two cases: (i) 

  ,  = constant, 
2

1
R

  ; (ii) 23H  , 1/2   , 23 H   where  is the shear,  
the expansion,  the coefficient of bulk viscosity,  the energy density,  the vacuum 
energy density and H the Hubble parameter. Both models satisfy energy conditions and 
represent anisotropic space-time. The first model represents accelerating behaviour of the 
universe while the second model represents accelerating and decelerating phases of the 
universe. The first model starts with a big-bang at 0T   and the expansion decreases 
with time. While the second model also starts with big-bang at 0   and the expansion 

vanishes for large value of  . For both models 
2

1
T

   and 
2

1
  , these results match 

the result obtained by Beesham [27]. Both models have Point Type singularities at 0T   
and 0   respectively. 
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1   Introduction 

The presence of strings in the early universe can be explained using grand unified field theories as 
investigated by Kibble [1,2], Everett [3] and Vilenkin [4]. It is believed that the very early universe 
underwent phase transition giving some topological stable structure. Strings have interesting 
cosmological consequences among the various topological defects that occurred during the phase 
transition and before the creation of particles in the early universe (Kibble [1]). Zel’dovich [5] in his 
investigation has pointed out that cosmic strings cause density perturbations leading to the formation of 
galaxies. These strings have stress energy and couple with gravitational field. The pioneering work in the 
formulation of energy-momentum tensor for classical massive strings was initiated by Letelier [6,7] who 
explained that massive strings are formed by geometric string with particles attached along its extension 
and used this idea to find string cosmological solutions using Bianchi Type I and Kantowski-Sachs 
space-times. As Einstein’s theory of gravitation is the theory for understanding the nature and evolution 
of the large scale structure of the universe, it is, therefore, interesting to study the gravitational effects 
which arise from strings within the frame work of Einstein gravity. In literature, string cosmological 
models for different Bianchi Types (homogeneous and anisotropic) space-times have been widely studied 
in different physical and geometrical contexts by many authors viz. Banerjee et al. [8], Tikekar and 
Patel [9,10], Ilhami and Tarhan [11], Bali et al. [12-18], Wang [19], Reddy et al. [20], Rao et al. [21,22], 
Mahanto et al [23]. 

The introduction of viscosity in the cosmic fluid content has been very useful in explaining many 
physical aspects of dynamics of homogeneous cosmological models. The dissipation mechanism not only 
modifies the nature of singularity but also successfully explains the large entropy per baryon in the 
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present universe. There are several processes which give rise to viscous effects. These are the decoupling 
of neutrinos during the radiation era and the decoupling of radiation and matter during recombination 
era. Bulk viscosity is also associated with grand unified theory phase transition and string creation and 
can lead to the inflationary universe scenario. It is well known that in the early stage of the universe 
when neutrino decoupling occurred, the matter behaved like viscous fluid (Klimek [24]). The coefficient 
of viscosity is known to decrease as the universe expands. The role of viscosity in cosmology has been 
studied by several authors viz. Pimentel [25], Berman [26], Beesham [27], Arbab [28], Pavon et al. [29], 
Zimdahl [30], Gron[31], Saha [32,33], Singh et al. [34], Bali et al. [35,36], Mostafapoor and Gron [37]. 

In modern cosmological theories, the cosmological term (t) is a focal point of interest as it solves the 
cosmological constant problem in a natural way. The current accelerating expansion of the universe 
suggests that our universe is dominated by unknown dark energy. The cosmological constant is the most 
favoured candidate of dark energy representing energy density of vacuum in the context of quantum 
field theory. The cosmological constant occupies a privileged place in the dark energy models because it 
provides a good approximation to the present astronomical data as studied by Zel’dovich [38], Dreitlein 
[39], Krauss and Turner [40]. The observations for distant type Ia supernovae (Perlmutter et al. [41,42], 
Riess et al. [43,44], Garnavich et al. [45,46], Schmidt et al. [47]) strongly favour a positive value of  in 
order to measure the expansion rate of universe and now it is believed that the universe is not only 
expanding but also accelerating. Many authors viz. Bertolami [48], Chen and Wu [49], Sahni and 
Starobinsky [50], Verma and Ram [51], Pradhan and Singh [52], Bali et al. [53,54] investigated 
cosmological models with decaying vacuum energy density (). Recently Bali and Singh [55] 
investigated LRS Bianchi Type II massive string cosmological model for stiff fluid distribution with 
decaying vacuum energy (). 
 We have investigated some massive string cosmological models with bulk viscosity and vacuum 
energy density in LRS Bianchi Type I space-time. To get the deterministic models of the universe, we 

consider two cases: (i)   ,  = constant and 
2

1
R

  ; (ii) 23H  , 1/2 23 H      where  is 

shear,  the expansion,  the coefficient of bulk viscosity,  the vacuum energy density, R the scale 
factor,  the energy density, and H the Hubble parameter. In the first case, we find that the model 
satisfies strong and weak energy conditions and the model represents accelerating behaviour of the 
universe and is anisotropic. In the second case, the model also satisfies energy conditions. The second 

model represents accelerating and anisotropic space-time. The vacuum energy density 
2

1
   as 

obtained by Beesham [27]. We have also calculated state finder parameters {r,s} and these lead to {1,0} 
in special case. 

2   Metric and Field Equations 

For simplification and large scale behaviour of actual universe, LRS Bianchi Type I models have great 
importance. Lidsey [56] in his investigation has pointed out these models are equivalent to FRW models 
which are considered standard models of our universe. 

We consider locally rotationally symmetric Bianchi Type I space-time in the form as 
2 2 2 2 2 2 2ds dt A dx B (dy  dz )     (1) 

where A and B are metric potentials and are functions of t-alone. The energy-momentum tensor for a 
cloud of string with bulk viscosity is given by Letelier [7] and Landau and Lifshitz [57] as 

j j j j j
i i i i iT v  v x x (g v v )      (2) 

with i i
i iv v x x 1,    and 

1x 0 , 2 3 4x 0 x x   (3) 
where  is the proper energy density with particles attached to them,  the string tension density, iv  
the four velocity of particles, ix  the unit space-like vector representing the direction of string,  the 
coefficient of bulk viscosity and  the expansion in the model. If the particle density of configuration is 
denoted by p  then for massive string, we have 

114 Advances in Astrophysics, Vol. 1, No. 2, August 2016

AdAp Copyright © 2016 Isaac Scientific Publishing



p    (4) 
In comoving coordinate system, we have 

i 1v 0,0,0,
A

     and i 1x ,0,0,0
A

     (5) 
The Einstein field equations 

j j j j
i i i i

1R R g T g
2

     (6) 
for the metric (1) lead to 

2
44 4

2

2B B
B B

      (7) 
44 44 4 4A B A B

A B AB
     (8) 

2
4 4 4

2

2A B B
AB B

    (9) 

3   Solution of Field Equations 

To get the deterministic models of universe, we consider two cases: 

(i) , constant     , 
2R

  (Chen and Wu [49]) 

(ii) 23H  , 1/2   , 23 H    (Barrow [58])
Now we consider case (i): To get the deterministic solution in terms of cosmic time t , we assume 

that  (shear) is proportional to expansion (). 
Thus, we have 

nA B (10) 
where A and B are metric potentials and n  is a constant. The motive for assuming the condition    
is explained as: Referring to Thorne [59], the observations of velocity-red shift relation for extra galactic 
sources suggest that the Hubble expansion of universe is isotropic within 30% (Kantowski and Sachs [60], 

Kristian and Sachs [61]) and red-shift studies place the limit 0.30
H
  . Also Collins et al. [62] have 

pointed out that for spatially homogeneous metric, the normal congruence to the homogeneous hyper-

surface satisfies the condition  = constant. 

It is well known that coefficient of bulk viscosity is known to decrease as universe expands. Thus, we 

consider  = constant as given by Zimdahl [30]. We assume the condition 
2R

   as considered by 

Chen and Wu [49] where R is scale factor. 

Using the condition (10)  = constant = k and 
2R

   in equation (8), we have 

(2n 1)2
2 3

44 4
2n 1 22 B kB B
n 1 n 1

            (11) 
where 

3 2 n 2R AB B   (12) 
and 

2 2(n 2)
3

R
B

 
 (13) 

To get the solution of (11), we assume 
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4B f(B)
which leads to 

'
44B  f f , 'f df/dB  

Thus equation (11) leads to 
2n 12

32 2d 2n 1 2(f ) f kB B
dB n 1 B n 1


           

(14) 
which leads to 

22 2n
2 2 3(n 1)

2 2

k 6f B B
n n 1 4n 2

 
    (15) 

To find the solution in terms of cosmic time t, we assume n = 2. Thus equation (15) leads to 
2

2 2 2/3dB kf B B
dt 7 3

        (16) 
Thus, we have 

4/3B a sinh (bt )   (17) 
2 3/2 3/2A  B a sinh (bt )    (18) 

where 7a
3k
 , 4b k / 7

3


After suitable transformation of coordinates, the metric (1) leads to 
2 2 3 3 2 3/2 3/2 2 2ds dT a sinh bT dX a sinh bT(dY dZ )     (19) 

where bt bT  , x X , y Y , z Z.   
In the absence of bulk viscosity, the metric (19) leads to 

2 2 3 2 3/2 2 2ds dT T dX T (dY dZ )     (20) 
Case (ii): We have 

2 1/23H , , 3H       (21) 
as considered by Barrow [58] and 23bH   as considered by Arbab [28] 
The conservation equation 

j j
i i ;j(T g ) 0   (22) 

leads to 
( ) 0         (23) 

where 4 4A / A  2B / B.  
Using (21) and (22) in (23), we have 

26HH (3H 3 3 (3H) 6 HH 0     

which leads to 
     3(6 6 )HH (9 9 3 )H 0

Thus, we have 

22

(3 3 3 )H 0
2 2H




   


 (24) 
Equation (24) leads to 

2 3

1H 
t

  
(25) 

where 3 ℓ is constant of integration. 
We have 
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 4 4A 2B
A B

     
Thus 

 244B
 as A B

B
     (26) 

Also 
  3H    
 This leads to 

 4

2 3

4B 3
B t

  
  (27) 

Equation (27) leads to 

 4

2 3

B 3
B 4( t )

  
  (28) 

We have 
 23/2

2 3B ( t )      
and 
 23/22

2 3A  B ( t )       (29) 
After suitable transformation of coordinates, the metric (1) leads to 
 2 23/ 3/22 2 2 2 2ds d dX (dY dZ )          (30) 
where 2 3 2t     , x X , y Y , z Z . 

4   Some Physical and Geometrical Features 

The energy density (), total energy density (+), vacuum energy density (), the string tension 
density (), the particle density (p), the spatial volume (R3), the shear (), the expansion (), the 
Hubble parameter (H), the deceleration parameter (q) for the model (19) are given by 

 2
2

2 2

45b coth T
16 a a

           (31) 

 2
245b coth T

16
      (32) 

 2
2
(coth T 1)

a
     (33) 

 2 2
2

2 2

3b 3bcoth T k
16 2a a

             (34) 

 2 2
2

p
21b 3bcoth T k

8 2
      (35) 

 3 3 3R a sinh T   (36) 
 4 4A B1 3b cothT

A B 43
      (37) 

 4 4 4A 2B 4B
3b coth T 3b coth T

A B B
            (38) 

 1 0
4


     (39) 

 c TH b oth   (40) 
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 2
2

Hq 1 tan h T
H

       (41) 
The above mentioned quantities for the model (30) are given by 

 
2

45 13
16

  
       (42) 

 
2

45 1
16

      (43) 

 
2

3
    (44) 

 2
2

327 13 3 3
16 2

   
       

   (45) 

 2
p 2

39 13 3
8 2

    
        

   (46) 
 23/3 2R AB      (47) 
 4 4A B1 3 1

A B 43
      (48) 

 3    (49) 

 1
4 3


    (50) 

 1H    (51) 

 2
22

2

0 if 1Hq 1 1
0 if 1H

        
 




  (52) 

2  being constant of integration. 

5   State Finder Parameters {r,s} 

The state finder parameters effectively differentiate between forms of dark energy and provide simple 
diagnosis on whether a particular model fits into the basic observational data. Following Sahni et al. [63], 
the state finder diagnostic pair {r,s} is given by 

 2
2 3 2

33H Hr 1 1
H H          (53) 

 
2

2

2

3 /r 1s
1 33 q 3
2 2

           




  (54) 

where ℓ 2  is constant of integration. However, if ℓ 2 0  then r 1 , s 0  which agrees with  CDM 
model. 

6   Conclusion 

The weak energy condition (i)   ,   0 as well as strong energy condition (ii)   0,  < 0 given by 
Hawking and Ellis [64] for the model (19) are satisfied if 
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(i) 
2

2
2

4(3b 2k)coth
21b

T   and 
2 2

2 2

3b 3b, k
16 2a a

      

(ii) 
2

2

45b
16 a

 , 
2 2

2
2 2

3b 3bcoth T  k 
16 2a a

           

Also for the model (30) these conditions lead to 

(i) 2 23 39 27 3 33 3  and 3
8 2 16 2

      
 

(ii) 2315 27, 3 3 3
16 16 2

     
 

For the model (19), energy density (), the string tension (), the particle density (p) are initially large 
but for large value of T, these tend to finite quantity. The spatially volume increases exponentially 

representing inflationary scenario. Since 0
  , hence the model is anisotropic space-time throughout. 

The model starts with a big-bang at T = 0 and the expansion decreases with time. 
2

1
T

   which 

matches the result as obtained by Beesham [27]. The decelerating parameter q<0 which shows that the 
model represents accelerating universe. The model has Point Type singularity at T = 0 (MacCallum 
[65]). In the absence of bulk viscosity, the model is well defined and energy conditions are satisfied. 
 Also for the model (30), the energy density (), the string tension (), the particle density (p) are 

initially large but tend to zero when   . The spatial volume increases with time. Since 0
  , 

hence the model represents anisotropic space-time, but at late time, it isotropizes. This result matches 
recent astronomical observations. The model starts with a big-bang at  = 0 and the expansion 
decreases with time. The model represents accelerating and decelerating phases of universe if ℓ 2 1  
and ℓ 2 1  respectively. The viscosity prevents the matter density to vanish for the model (30). Also 

the model has Point Type singularity at  = 0. The vacuum energy density 
2

3
   which matches the 

result as obtained by Beesham [27]. We have also calculated state finder parameters {r,s} for the model 
(30). These parameters agree with  CDM model in special case. 
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