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Abstract We investigate weighted polynomial approximations. Especially, we will study some
facts related to the Fourier-type orthogonal expansion and the de la Vallée Poussin means. Then
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Nikolskii-type inequality, higher order derivatives of approximation polynomials, the function with
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1 Introduction and Theorems

In this paper, we study the weighted polynomial approximations. Especially, we treat of the partial sum
of Fourier-type series and the de la Vallée Poussin means. Let R = (—o00, 00). We consider an exponential
weight

w(z) = exp(=Q(z)), ©€R,

where @ is an even and nonnegative function on R. We assume that w satisfies some conditions which
will be stated in Section 2. We define a function T'=T,, by
zQ'(x)
T(x):= , x#0. 1.1
(@)= "5 (1)

We call w a Freud-type weight if T' is bounded, and otherwise, w is called an Erdos-type weight. For
a > 1, Q(z) = |z|* makes a typical example of Freud-type weights and Q(z) = *” —1 gives an Erdés-type
weight.

Let {p,} be orthonormal polynomials with respect to a weight w, that is, p,, is the polynomial of
degree n such that

/ P (2)pm (2)w? (2)d2 = 8, (the Kronecker delta).

For 1 < p < oo, we denote the usual LP space on R by LP(R) (here for p = oo, if wf € L*°(R), then we
require f to be continuous, and wf to have limit 0 at +00). For wf € LP(R), we set

n—1 [e%s)
sulf.z) =3 bl f)pi(x), where by(f) = / F@)pr (b ()t
k=0 >

for n € N (the partial sum of Fourier-type series). The de la Vallée Poussin mean of order n is defined by

vl == S si(f,a)

Jj=n-+1

Up to date, we have obtained some results, such as our reports as follows. We define the Mhaskar-
Rakhmanov-Saff numbers a,, as

2 1 anu®’ (anu)
/O d

Tl A—u2yi2 "
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Let 1 < p < o0. For wf € LP(R) and n € N, the degree of the weighted polynomial approximation
E, »n(w; f) is defined by

Ep,n<w;f) = Plél}; ||1U(f - P)HLP(R)v

where P, is the class of all polynomials with degree n at most. It is known that when w € F(C?+)
and wf € LP(R) (for p = oo, we require f to be continuous, and wf to have limit 0 at +o00), E, ,(w; f)
converges 0 as n — oo (see e.g. [3, Theorem 1.4]).

Result 1 ([9, Theorem 1, Corollary 14]). Let w € F(C?+) and let wf € LP(R). Then, under the condition

T(an) < o(—)*3, (1.2)

27

there exists a constant C' > 0 such that

w
||m’l)n(f)||Lp(R) < C”wf”Lp(]R);

and
lwvn ()o@ < CIT wfl| o)
So,
7 (f = vl @) < CEpa(w, f), (13)
and
o = on(F) o) < CEpn(T 4w, ). (1.4)
Furthermore,
(/= on ()o@ < OTY4(an) By, £). (15)

Moreover, if f is absolutely continuous and wf’ € LP(R), then
w G
”W'Un(f)”LP(R) < C;wa/HLv(R)-

Result 2 ([10, Theorem 1.1]). Let r > 2 be an integer and let w € Fx(C*+) (0 <X < (r+3)/(r +2))
(see Section 2 for the definition), and let 1 < p < co. Then there exists a constant C > 1 such that if
1<j<r, and ifwf € LP(R), then

w : n .
||mvfzj)(f)”m(m < C(a)Jwa”LP(R)

holds for all n € N.

Result 3 ([11, Theorem 1.1]). Let w € Fy\(C3+) with 0 < A\ < 3/2. Suppose that f is continuous and
has a bounded variation on any compact interval of R. If f satisfies

| w@iare) <. (16)

—0Q0

then
. w
lim ||m(f = sn(f)llLeew = 0.

n— oo

The completion of theorems with the weight w € F,(C™+) is guaranteed by the following theorems;
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Result 4 ([8, Theorem 4.1,4.2 and (4.11)]). Let 0 < A < 3/2 and o € R. Then for w = exp(—Q) €
Fa(C3+), we can construct a new weight w, € F(C?+) such that

T(x)w(z) ~ we(z), z€eR,
and the following holds:
an(wy) ~ ap = an(w), n=1,2,3, ...
In fact, there exists ¢ > 1 such that
Unje(Wa) < ap = an(w) < aen(wa), n=1,2,3, ..,
and
Ty, (x) ~T(x) =Ty(x) zeR.

Let w = exp(—Q) € F\(C™*14) for an integer m > 0, and let &« = a1 + g+ ... + @y, Then inductively
we construct new weights wa,, (Way)as, ...-
When we consider the function with higher order derivatives, we need the following important theorem;

Result 5 ([7, Corollary 8]). Let w € F(C?+), and let r > 0 be an integer. Let 1 < p < oo, and let
wf € Ly(R). Then we have
an
Ep,n(fa w) < O(;)k”wf(k)HLp(]R)’ k= 1,257,
and equivalently,

Bpa(f.0) € C(Z) By (1O, 0).

In this paper our purpose is to improve Results 1-3. Now, we can give some new results as below. To
prove them we need many lemmas. Avoiding complex representations we will give proofs of lemmas in
Appendix. We start from the estimate of the modulus of smoothness.

Theorem 1. Let w = exp(—Q) € FA(C™1+) (0 < X\ < (r +1)/r), where r is a positive integer, and let
1 < p<oo. Let fr=Y(z) be absolutely continuous and ||wf™ || 1w < 00, then we have
@rp(frw, 1) < O lwf || Lo (w).- (1.7)

Theorem 2. Let w € Fy(C3+), 0 <\ < 3/2, and let 1 < p < oo. Suppose that for a positive integer r,
f(’"*l)(ac) is continuous on R and has a bounded variation on any compact interval of R. Furthermore
fOU=V(z) satisfies

/mw@wu“”wN<m, (18)

— 00

then we have
Drp(fow,t) < CE1H/Po(1)171/p] / w(y)|d oD,
R

where Wy, (f, w.t) is defined in Section 3.

Theorem 3. Let w € F(C?+), and let (1.2) be satisfied. Let 1 < p < 0o. Suppose that f is continuous
and has a bounded variation on any compact interval of R. If f satisfies (1.6), then we have

w _ Qp 1
||m(f —vn () lLrw) < Con (1) l/p(;)‘",
where C > 0 is a constant and
on(1) := Ql’oo(ﬁw,La—n) —+0 as n— oo (1.9)
n
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Now, we treat of an absolutely continuous function.

Theorem 4. Let w € F(C?+), and let (1.2) be satisfied. Let 1 < p < 0o, and let r be a positive integer.
Suppose that f=1(z) is absolutely continuous and wf(™ € LP(R), then we have

w [ .
s (F — Doz < CC2) 0 .
Theorem 5. Let w = exp(—Q) € FA(C™24), 0 < XA < (r +2)/(r + 1), where 1 < r is an integer,

and let (1.2) be satisfied. Let 1 < p < oo. We suppose that F=1Y s absolutely continuous. Then for
T *wf") € LP(R) we have

w
|

Ti/2
and for wf™ € L (R) we see

Qp

(f® - US))”LP(R) < C(?)Tﬂ‘Ep,n—r(Tle; Fo,

w i i An\p—i r
”W(f( ) — Ur(L))HLP(R) < C(;) Ep,n—r(w;f( ))-
Furthermore, for TZ+1D/4y () ¢ LP(R) we have

an

Hw(f(i) _ US))HLP(R) < C( n )T—iEp,nir(T(2i+l)/4w; f(r)).

FEspecially, for the Freud-type weight w we have

an

Hw(f(i) _ Uv(zi))”Lp(R) < C( . )T_iEp,nf’r‘(w; f(T))~

The following theorem is an extension of Theorem 3.

Theorem 6. Let w = exp(—Q) € F\(C™2+), 0 <X < (r+2)/(r + 1), where 1 < r is an integer, and
1 < p < oco. Suppose that f(T'_l)(m) is continuous on R and has a bounded variation on any compact
interval of R, and (1.8) is satisfied. Let 1 < p < oco. Then we have

w i i On \p_j_ _ _
“W(f( ) _U1(’L))||LP(]R) < C(;) 1+1/pon(1)1 1/1){/Rw(y)‘df( 1)|}1/p’

Theorem 7. Let w € F\(C3+), 0 < X\ < 3/2. Suppose that f is absolutely continuous and wf' €
LP(R) N L*(R) (1 < p < 00). Then we have

1
w An iyl Inp~ 2 1< p<2;
HT1/4(f - SN)HLP(R) < Cf( n )2 P {1

where Cy := C{||lwf’|| L@y + l[wf'||L2(r) }-

In this theorem we see that the best estimation is given for p = 2.
Theorem 7 is extended as follows.

Theorem 8. Let w € F5(C™2+), 0 < A < (r+2)/(r+1), where r is a positive integer, and 1 < p < oo.
Suppose that f(’“_l)(x) is continuous on R and has a bounded variation on any compact interval of R,
and (1.8) is satisfied. Then we have

w i i
|7 = sl

O\ pjq4 L e o(1 lfl/pn%_f, 1<p<2;
<oy [ w0, P
n R o(1)z, 2 < p<oo.
1 =0,1,..,r—1,

where Cy is a constant depending only on f and 6, is defined by (1.10).
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In Section 2, we give definitions of F(C?+) and Fy(C™*+24). They are classes of exponential weights
which are treated in this paper. Some related notations are also given. In Section 3 we give the estimate
of modulus of smoothness. In Section 4 we give estimates of the de la Vallée Poussin means. In Section 5
we give estimates for the partial sum of Fourier-type expansion. To clarify our main theorems the proofs
of other results are stated in Appendix.

For any nonzero real valued functions f(z) and g(x), if there exist constants Cy, Cy > 0 independent
of = such that Cig(z) < f(z) < Cag(x) for all z in the range, then we write f(z) ~ g(z). Similarly, for
any two sequences of positive numbers {c,}52; and {d,,}2°, we define ¢,, ~ d,,.

Throughout this paper, C,C1, Cs, ... denote positive constants independent of n, z,t or polynomials
P, (z). The same symbol does not necessarily denote the same constant in different occurrences.

2 Definitions of Classes F(C?+), Fa(C™"2+), and Notations

We say that an exponential weight w = exp(—Q) belongs to a class F(C?+), when @ : R — [0, 00) is a
continuous and even function and satisfies the following conditions:

(a) Q' (x) is continuous on R and Q(0) = 0.

(b) Q" (z) exists and is positive on R\{0}.

(¢) limy oo Q) = 0.
(d)

The function
Q@)
Q(x)

is quasi-increasing in (0, 00) (i.e. there exists ¢ > 1 such that T'(z) < ¢I'(y) whenever 0 < z < y), and
there exists A > 1 such that

T(x) :

, x#0

T(z) > 4, xeR\{0}.

From now on we set T'(0) = A. Then T'(z) > A on R
(e) There exists C' > 1 such that

Q@) _ ., Q)

Q@ S Qu v
and

C Q" (x) > @) a.e. x € R\J.

Q@) ~ Q)

Let w € F(C?+), and let A > 0. We write w € F»(C?+), if there exist K > 1 and C > 1 such that
for all |z| > K,

Q' ()]
Q@p =°
holds. We also write w € Fy(C™+2+) for a nonnegative integer, if w € Fy(C?+), Q € C"*+2(R\{0}) and
Q" (x) Q(k-i—l)(aj) B Q(m+2) (z) Q(m+1)(x)
|Q’(~’C) [~ Q™ () [ (k=2,cm), ‘Wm@ﬂ < C'W

hold for every |z| > K. Clearly F)\(C™"2+) C F\(C?*+) C F(C?+).
Let u >0, a >0 with o +u > 1 and let [ € N. We set

Q(x) = [2]*Qra(x) = expy(|z[*) — exp, (0),

where exp;(x) = exp(exp(exp...expx)...) (I times).
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Set
o(t) == inf{ay; (a,/u) < t}, ¢t>0.

We see that a,/u is monotonically decreasing for every ¢ > 0, so there is a unique u > 0 such that

t=2" and o(t) = ay
u

and hence lim;_, 1o 0(t) = co. Furthermore we have
(075 < Gegn < Coln

for every ¢g > 1 and every n € N.
Lastly we recall the r-th order of the modulus of smoothness w;. ,(w; f;t), which is defined as follows
(cf. [1]): Let r be a positive integer, and let 1 < p < co. We set

A (fo) =Y (=1 f(z + % —ih), z€R.
=0

For the Freud-type weight,

wrp(fyw,t) = Sup lwA; (f, )| Le (jo)<o(2t)) + Peigf_l I(f = P)wl| e (jo|z0 (at))- (2.1)

For the Erdos-type weight,

wrp(fw, t) = sup lwAhg, () (f+ )| Lo (<o (2)) + Pei%fil 1(f = P)w|| Lo (|50 (at)) (2.2)

where

o(t) T(o(t))

We remark that if T'(x) is bounded, then we see @;(x) ~ 1. So, (2.2) means (2.1). Hence, in the rest of this
paper we consider only (2.2). Unfortunately, w,,(f, w,t) is inconvenient for our use, so we will modify it.
For an integer 7 > 1, let f("=1 be continuous. Then we define the modulus of smoothness @r,p as follows.

@rp(fow,t) := S lwALe, ) (fs @) e (e1<o@e) + W = Pro1, )| 2o (z1>0(at))- (2.3)

Here, we set P._; f € P,_1 such as

pu)

r—l,f(o) = f(])(0)7 j 20717-'-7T_1- (24)

Clearly, we see wy,(f,w,t) < @ p(f, w,1).

3 Estimate of Modulus of Smoothness

In this section we give the proofs of Theorems 1,2. To do them we need some lemmas.

Theorem 9 ([A1]). Let w = exp(—Q) € F(C?+).
(a) We have

Q' (2)w(x) /Orw‘l(t)dﬂ <C 23>0 (3.1)
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(b) Let 1 < p < o0. If g is absolutely continuous, g(0) = 0 and g’ € LP (R), then for any fixed constant
v =0,

1Q" wgllLr (j2)2+) < Cllwg'|| Lr(m)- (3.2)

Furthermore, when w = exp(—Q) € FA(C™H4) C F(C?*+) 0 < X < (T +1)/r), where r is a positive
integer), further gV is absolutely continuous, g(J)(O) =0, j=0,1,...,r—1 and wg"") € LP(R), we see

Q") wgll Lo (ja)2) < Cllwg™ || o (r)- (3.3)
From (3.8) we see that |[wg"™ ||1s®) < 0o means |wg®||sw) < 00, i=0,1,..,r—1.
The proof of Theorem 9 is given in Appendix. We denote this fact by [41]. As we see below we will

use the same notation similarly, that is, P([A;]) means that the proof of P is given in Appendix [4,].
The modulus of smoothness @, ,, in (2.3) is very useful for the approximation theory.

Proof of Theorem 1. We use Holder’s inequality. Let 1/p+1/g=1, 1 < p < co. We see

10 A, @) (F DL (o) <o (20))

hd,(x)/2 hdy(z)/2
:/ |w(z)/ / F (x4t + ...+ t,)dty .. dE, [Pdz
|z|<o(2t) h®i(z)/2 —h®:(x)/2

hdy(x)/2 h®y(z)/2
<C |/ / w4ty 4 .+ t) (x4t + .+ £)dEy L dE Pda
|z|<o(2t) hdy( w)/2 —h®(x)/2

gc/ |/ / w(z +t1 4 . +)f (@4t + .+ t)dEydE P
|z|<o (2t —h

h
< C/ {/ 1thr}p/q
lz|<o(2t) J—h

h h h
x{/ |/ / W@+t A A B FO (@t ot £,)dt . dty o Pt e
—h —h —h

h h
<C {/ 1thr}p/q{/ 1thril}p/q
—h —h

lz|<o(2t)

h h h h

x{/ / \/ / w(z 4ty + . +t) (x4t + .o+ £ dEy o |P
—h J—h —h —h

xdt,dt,_; }dx

h h h
<C {/ 1thr}P/Q{/ 1thr}p/q“..{/ 19dt,. P/
—h —h

|z|<o(2t)

X{// / w(z 4+t + ..+ ) f O (@t + .+ ) |[PdEdE,.dE e
h
<O / 19dt, }7/1{ / 194, }7/7...{ / 19dt, }7/1
—h —h —h

h o ph h
x{/ / / /\w(:c+t1+...+tr)f<’“)(x+t1+...+tr)\1’dxdtrdtr,1...dt1}
—hJ—h J-nJR
< Ctpr/qtrnwf(r) ||I£p(R)-
Therefore, we have

A, 2y (> 2) L (<o 2e) < CETIPfw f | Lo ry = CE Jw f7| o r)
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Next, by Theorem 9 with v = o(4¢) we have

Q' (@) w(@)(f () = Pro1 s (@)l o (faizo(ary) < Cllw(@) 7 (2))l] oy < oo,

where the polynomial P,_; ; is defined by (2.4). Therefore, we see

1
lw(@)(f(x) = Pro1,5 (@) Lo (2130 (4t)) < (m)qmﬂr)ﬂmm)
< Clwf| Lo wy.-
Consequently, by wy,(f, w,t) < @, p(f, w,t) we have the result (1.7). O

From the condition (1.8) with » = 1 and g we obtain the following facts.

Lemma 10 (cf. [11, Lemma 3.3]). Let w € F(C?+). Suppose that g is continuous on R and has a
bounded variation on any compact interval of R, and [~_w(z)|dg(z)| < oo holds. Then wg € L'(R) and
wg has a limit 0 at £oo.

Proof. Let w(z) = exp(—Q(x)). We may suppose g(0) = 0. Since Q'(z) is nondecreasing in (0,00),
Fubini’s Theorem gives us

| @it < g [T @@l
,1(1/Q|/dg|w < g [ @@ g
1(1/ ([ @@t - QTn/o wt)ldg )] < o

Similarly f_1 Jw(z)|dz < oo and clearly fl (z)w(x)|dz < oo, gw € L*(R) follows.
For any € > 0, we take R >0 such that [ w |dg( ) <e. If R <x < oo, then we have

o0) - ) = | [ g0l < o [ wagol <

which implies limy,_, o0 g(x)w(x) = 0. Similarly g(x)w(xz) — 0 as x — —oo. In particular, gw € L= (R).

To prove Theorem 2 we need the following lemmas. The proofs of them will be given in Appendix.

Theorem 11 ([A3], cf. [11, (3.2)]). Let w € F\(C3+) (0 < XA < 3/2), and let 1 < p < oo. Suppose
wf € LY(R) N L*>®(R). Then we have

Brp(fyw, 1) < GLYP(f w0, )0 (f w,t).

Theorem 12 ([A3], cf. [2, 11 (Proposition 3.2)]). Let w € F\(C3+), 0 < A < 3/2. Suppose that for a
positive integer r, f(T_l)(a:) is continuous on R and has a bounded variation on any compact interval of
R. Furthermore f"=Y(x) satisfies (1.8). Then we have

@Tyl(wafu t) < C’iLT/u}(y)‘d‘]l'(r—l)l7
R
and
Wro0(w, f,1) < Ot o(1).

Proof of Theorem 2. Tt immediately follows from Theorems 11 and 12 (note Lemma 10). O
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4 Estimates of the De La Vallée Poussin Means

We need a Jackson-type theorem.

Lemma 13 ([1, 11(3.3)]). Let w € F(C?+), and let 0 < p < co. We suppose wf € Ly(R) (for p = oo,
we require f to be continuous, and wf to vanish at £o0c). Then there exists a constant C' > 0 such that
fOT n = 017

Epon(f,0) < Coonp (£, L) < Clp(f, 0, L),
n n

where Cy, L >0 do not depend on f and n.
Now, the proof of Theorem 3 is simple.

Proof of Theorem 3. By Result 1(1.3) we have

w ~ Qp
e = 0l ) < OBy, £) < Oy p(f0, L),

Now using Theorem 2 with r = 1, we have the result. O
The proof of Theorem 4 is also simple.

Proof of Theorem 4. By by Result 1 (1.3) we have

|73 (= vz, @) < CBpalw, f).

Now from Result 5,

In

777 (f = on(lp) < CERY N Ol ey

To prove Theorem 5 we need the following lemmas.

Theorem 14 ([A4]). Let w = exp(—Q) € FA(C™2+), 0 < A < (r+2)/(r + 1), where 1 < r is an
integer, and let (1.2) be satisfied. Let 1 < p < co. We suppose that an absolutely continuous function
fO=Y satisfies T *w (™) € LP(R). Then there exists a constant C > 1 such that if

[w(f = P)llrer) <€ (4.1)

holds for some n > r, P € Py, and e > 0, then

w n

I 73 (U = P)lo@y < C{Bpna( T 4w fO) + (=) 'e) (4.2)
Gnp
holds for all i =1,2,....,r. In particular, if
Hw(f - P)HLP(]R) < CEp,n(T1/4w§ f)7
then
W rG) _ p(i) n\r—i 1/4,,. £(r)
g (£ = POYogay < C(E2) By (T ). (4.3)

Corollary 15 ([A5]). Let w = exp(—Q) € FA(C™24), 0 < A < (r+2)/(r + 1), where 1 < r is an
integer, and let (1.2) be satisfied. Let 1 < p < oo. We suppose that an absolutely continuous function
f=Y satisfies wf™) € LP(R). Then there exists a constant C > 1 such that if

lw(f = P)llrr@) <e (4.4)
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holds for some n > r, P € Py, and e > 0, then

Iz = POlre < OEpnmitws 1) +(7-)'e) (4.5)
holds for all i = 1,2, ..., 5. In particular, if
lw(f = P)|lr@) < CEpn(w; f), (4.6)
then
| (U = POy < O T By (wi /), = 1,2, (4.7)

Corollary 16 ([4g]). Let w = exp(—Q) € FA(C™T2+), 0 < A < (r+2)/(r + 1), where 1 < r is an
integer, and let (1 2) be satzsﬁed Let 1 < p < oco. We suppose that an absolutely continuous functzon
fO=Y satisfies T/ f(") € LP(R). Then there exists a constant C' > 1 such that if

1T 2w (f = P)lLoey < e (4.8)

holds for some n > r, P € Py, and e > 0, then

lw (P = PO 1o gy < C{Ep s (T Aw; fO) + (an)is} (4.9)
holds for all i =1,2,...,r. In particular, if
T2 w(f = P)ll Loy < CEpn(T7?w; f), (4.10)
then
|w(f@ — P(i))”LP(R) < C(%n)rfiEp,n_T(T(er)/Alw;f(r))_ (4.11)
Proof of Theorem 5. In Theorem 14 we set
P=wv,, = CEpyn(Tl/‘lw,f),
and then we have
i (O = o) oy < CLBpn o T 405 fO) 4 C) Bpn(T s, ).

From Results 4, 5, we obtain

| =+ Tz/2 (f(z) _ U(z))HLP(R CEp,n7i<T1/4 f(z)) + C( - zEp’ni (T1/4w; f(r))
<O By (T 40 1),
n
Similarly, in Corollary 15 we set

P:Una EZCEp,n(w7f)a T71/4w~w_1/4,

then we conclude

w i i —1/4 i
”W(f( ) — v ))HLP(]R) H Tz/é (f( R U( ))”LP(R)

< C{Epn—i(T*w_y1,4; f())+0( ) Epn(w_1/4, f)}

{Bpn—i(w; fD) + CEppn_i(w, f )}

<
An \p—j r
< O Bpr (i )
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Furthermore, in Corollary 16 we set
P=v, c= C’Epm(TT/Qw,f), T 0w ~ Wy /2
Then we have

Qn

(D = )| o) < CCEY By (T b 1),
Consequently, we have the results.
To prove Theorem 6 we need Corollary 15.
Proof of Theorem 6. In Corollary 15 we set
P=v,, e=CE,,(w,f),

and then from Theorem 2 and Lemma 13, we have for ¢ = 0,...,r — 1

w

() _ @ (e £00) - i an
HT(2i+1)/4(f U Mleee) < CEppi(w; 1) < C@pp(w, fD, - )
<c&%“FH%uw”%/w@mﬂ“WPm

R

n

5 Estimates for the Partial Sum of Fourier-type Expansion

We prepare two lemmas.

Lemma 17 ([6]). The following is well-known.
lw(f = sn (Pl L2y = E2n(f, w).

The following so-called Nikolskii-type inequality is useful.

183

Theorem 18 ([A7]). Let w = exp(—Q) € FA(C3+) (0 < X < 3/2), and let P € P,,. For 0 < p < q < o0,

we have
11
lwP|L,® < Can “|wP| L,
and for 1 < ¢ < p < oo, we have

1e1_1 n o 1_1
1726~ DwP| , my < C(a*)" ?lwP| L, ®),
where T is defined by (1.1).

Proof of Theorem 7. We see by Result 1 and Result 5,

w w w
”WU —sn)llLr@) < ”W(f —n)|lLr(r) + HW(U" — sn)llLr(w)

w
< OEpﬂl(wv )+ T1/4 (vn — Sn)HLP(]R)
an, , w
< C(?)wa |l e ) + ||W(Un — sn)llLe(r)-

First, let 1 < p < 2. By Theorem 18 (5.1) with g = 2,

w
Iz (Wn = sn)lln,@) < llw(vn = sa)llz, @)

1_1
< Caj ?|lw(vn = 50|l L)
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We estimate

[w(vn = sn)llLa@) < lw(f = vn)llLo@) + 1w(f = sn)ll o)

From Lemma 17 we see

lw(f = sn)llLa@) = Ban(f,w)-
Hence, by Result 5 we see that

an
lw(f = su)llLam) < C(;)wa/HLZ(JR).

This estimate also implies

1 2n 1 2n
[w(f = va)llzo®) < H(ﬁ Z f— - Z s;(f)wllr2)
j=n+1 Jj=n-+1
1 2n
S5 > llw(f = si(M)llze
j=n-+1
1 2n a:
S5 > (D) wf e
j=n-+1 J

an
< C(;)wa/Hm(R),
so that we see
a
[w(vn — sn)llLo@) < C(;")Ilwf'llLZ(R)-

Substituting it into (5.4), we obtain
w i1 q,
7z (0 = sn)lz,@) < Cak > () [wf |2

Therefore, by (5.3)

w
1772

1

1_1 A
< Cap 2(;)||wf/||L2(R)'

an »~5An
(f = sa)llermy < CE)wf o) + Can * (S5 lwf'll 2w

Next, in Theorem 18 (5.2) we set ¢ =2 and 2 < p
w 1ol _ 1
7z (0n () = sn(FDl @) < 1725~ 2w (v (f) = sn ()|, @)

< C(—) 277 [w(wa(f) = 5 ()]l Lar)-

< 00. Then we have

n
an
Hence, by (5.6) we have

77 n () = 50l @y < T () s 2.

S
3

Consequently, by (5.3) we have
w Qp 1,1
”W(f —sn)llzr@) < C(;)2+””wfl”L2(R)'

Therefore, by (5.7) and (5.8) we see

w 1-3 ap , Qp 141 ,
”T1/4 (f = sn)llzr) < C{an (*n Mwf'llzzw) + (*n )2E |lwf L2y}
1 1
An\ 141 R 1<p<
< C 2+p / n ’ Sy 4 )
(n) Jwf L2(R){1 9 < p< oo

)

that is, we have the result.

(5.7)
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Proposition 19 ([10, Lemma 2.5]). Let 1 < p < 0o and w € Fx(C3+) (0 < A < 3/2). Then there exists
a constant C' > 0 such that if P € P, (n € N), then we have

P(J)”LP < ( ) '|wP|| o (ry, j € N.

|| TJ/Q
And also if we assume that w € F(C*+) (0 < X\ < 4/3), then there exists a constant Co > 0 such that
pr(j)HLp(R) CQ( ) ||Tj/2wP||Lp(R), j €N

holds.
Proof of Theorem 8. Let i =0,1,...,7 — 1. By Theorem 6 we see

w i i i w i i
”W(f( ) — )HLP(JR) Hm(f( ) — U’SL))”LP(R) + ||W(Ur(z) - 5%))”LP(R)
An\r—i— r— w 7 7
<O o [ AN+ iz 6 = o) ance
(5.9)
We estimate the second term in (5.9). From Proposition 19 and Result 4 we have
w i : n ., w
||W(U1(I) - 351))||Lp(n1<) < (a) HW(U" = sn)llz,®) (5.10)
First, let 1 < p < 2. By Theorem 18 (5.1) with ¢ = 2,
w -3
Iziyz (n = su)lln,@) < llwlvn = su)ll,@ < Cai”* fw(v, - sn) |l L2 (®)- (5.11)
We estimate
lw(vn = sn)llLo@) < lw(f = vn)llo@) + lw(f = s0)ll.@)-
From Lemma 17,
a,
lw(f = sn)llLa®) = E2n(f,w) < Cora(f,w, L L)
Hence, by Theorem 2 with p = 2 we see
An \p_ 1 1 r—
(7 = s0)lzace) < O oA [ wlass =)
This estimate also implies
2n
lw(f = vn)llL.@) < || Z f=- Z i (w2 w)
] n+1 ] n+1
2n
= > lw(f = s;(A)llz2e)
j=n+1
2n a
nyp—1 1 r—
=Y eyt wlis Y @)
n . n R
j=n+1
Qg r—1 1 r—
<y o[ i W)
so that we see
G\ L 1 —
lw(vn = sn)llLam) < O(7) 20(1)2(/Rw(y)\df( D)), (5.12)
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Substituting it into (5.11), we obtain

w

Itz (vn = sn)llz, @) )T*ao(n%(/Rw(y)|df<“1>(y)|)1/2. (5.13)

Next, let 2 < p < o0, and in Theorem 18 (5.2) we set ¢ = 2. Then we have

(W f) = su(M)llz, @ < ITZ™Dwa(f) = 50 ()1, @)

|
<ﬁ>H w(0n(f) = 50 (F)) Lace)-

Hence, by (5.12) we have

<C2y ([ wmidrs V) (5.14)

1

<oy o[ wimiare {1 o<y
A |

n 17

Hence, from (5.10) we see

w

”W(US) - Sg))”LP(R)
1 1
Qg r—i—1+4+21 1 (r—=1) 1/2 77‘575’ 1 <p < 27
<O(— ro(l d
cy oA [ w1 Sp s

Substituting it for (5.9),

ot i i
| @Y = ) lerm

Ap\p—j—1+4+1 _ r—
<Oy o) e wlu)lag Oy
On \r—i—14+1 1 (r—1) 1/2 ni*é, 1<p<
oyt </ wplage {1 Sr =2

_ 1_ 1
<C,( r i— 1+ { |df(r 1)|}1/p (].)1l l/pnp 2, 1<p<2,
o(1)z, 2<p< 0.

Consequently, the proof of Theorem 8 is complete. O
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A  Appendix

In this appendix, we give proofs of lemmas (propositions, theorems) which are stated in previous sections.

Proof of Theorem 9

In this section we will prove Theorem 9. We use the method of [5, Lemma 3.4.4]. First, we need a lemma.
In [8, Theorem 4.2], if we put u =v = a =0, § € R, then we obtain the following proposition.

Proposition 20 (cf. [8, Theorem 4.2]). Let r be a positive integer, 0 < XA < (r+2)/(r +1) and let w =
exp(—Q) € Fx(C™2+4). Then for B € R, we can construct a new weight wg € F\(C™T1+) (C FA(C?*+))
such that (1 +|Q'(z)])Pw(z) ~ wg on R, an(wg) ~ an(w) on N and Ty, (z) ~ Tpy(x) on R hold.

[A1] (Proof of Theorem 9). Since

Q"(t) Q'(t) 1
oz SCEgnam SO qnom " (A1)

hm Sup ———=

Therefore,

Q) (1) = (Q"(t) = Q'(t)*)w(t) <0

for large values of ¢, and thus, Q'w is decreasing for ¢ large enough, that is, Q’w is bounded on R. So,
we may show (3.1) only for large positive values of z. By (A.1) we may find a constant A, whose value
will be retained during the remainder of this proof, such that Q”(t) < (1/2)Q’(¢)? if t > A. Then an
integration by parts shows that for z > A,

/x wH(t)dt = /x Q' (t)71Q (t)e®Mat
A A

xT 1 t) 1 x
< Q' (z) Q) 4 Q) 1 pyar < Q'(z) e 4 7/ w(t)dt.
@) L O < Qo) s [
Therefore,
/ wl(t)dt < 2Q (z2)w™(z), x> A,
A
that is,

Since Q' (z)w(x) is bounded on R,

A
Q’(x)w(x)/o wl(t)dt <C, = > A.
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Hence, we complete the proof of (3.1). To prove the second part (b) we may put v = 0. For almost all
z =0,

Q' (x)w(x)g(x)| = |Q (z)w(x) /Ox w™ (t)w(t)g (t)dt|
< wg' || o (230)| Q' (2)w(x) /Ow w(t)dt| < Cllwg'|| L= (0)

by (3.1). This completes the proof of (3.2) in the case of p = co. We observe that
| @@uig@ias< [~ Q@) [ 190
0 0 0
— [ Wl QE@uedsd = [ wlig @i
0 t 0

Similarly,
0 0
/ Q' (2)w(z)g(z)|dz < / w(t)]g' (t)|dt.

— 00 — 00

This proves (3.2) in the case of p = 1. We complete the proof of other values of p by applying the
Riesz-Thorin interpolation theorem to the operator on x > 0

6= Q' (2)wl(x) / " (e(n)ar,

and similarly, to the operator on (—oo, 0]

0

6 — Q' (z)u(z) / Wl (D)6t

We will show (3.3). We apply Result 7 to
p=v=a=0, B=1,2..,r—L
Let w(z) = exp(—Q(z)) € F(C2+). Then there exist
Q' (z)w(x) ~ wi(z) = exp(—Q1(2)),
Q1(2)wi(z) ~ wa(x) = exp(—Q2(z)),

Q)2 (2)wr—a(x) ~ wr_1(x) = exp(=Qr-1()),
and

Q) ~QW(x), i=1,2,...,r—1, j=0,L
Hence we see

lwg™ || e @) = C1lIQ wg" V| Loy ~ wig" V| Lo
> Co|| Qw192 || 1o ey ~ w29 "2 || 1o (r)

> CTHQg"flwrflg”LP(R).

Here we know

Qi(z) ~Q'(x), i=1,2,....,7—1,
Wr—1(x) ~ Qo (B)wr—2(x) ~ oo ~ Qo (2)Qr_5(7)...Q" (v)w(x),
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that is,
|Qr—1(z)wr—1(z)] ~ |Q'(2)]"w(z).
Consequently, we have (3.3), that is,

Q") wgll o (o3 < I1Q wgllLo®) < Cllwg™ ||Lo ).

O
Proofs of Theorems 11 and 12
[A2] (Proof of Theorem 11) . We see
”U)A;;dst(w)(f)$)||:[L)p(|x|gg(2t))
< ||wA’,}"L¢f(ZE)(f’ CU) Hi:olﬂm‘gg(gt)) ||wA}TIQ§,(z)(f7 QC) ||L1(|x|§a(2t))
< lwlhg, 2y (> 2) | L (ja1<o @) + 10 = Pt )|z (afzoen)? "
*[lwAhg, @) (F;2) 2 (210 @) + [0(f = Pror )22 (230 (at))]
< ij 1(f7w t)wr 1(f7w t)
On the other hand, since
lw(f = Prot, ) eoan) < 10 = Prot, )z (azo@n 0 (f = Pr—1, )| 21 (22045
we have
w(f = Pro1 f)|‘1£p(|m\>g(4t))
< [wlhe, @) (f, )| Lo (1o 2ty + 10(f = Prot,f)l oo 2]z 0a0)) )~
X[[wAye, @) (f, D)1 (z<o@r) + W = Pro1, )| 21 (2|2 048)))
< wp 1(f,w t)wr 1(.f7w t)
Hence,
Brp(frw,1) S GBI (f w0, 00, (fLw, ).
O

To prove Theorem 12 we use Theorem 9.

[A3] (Proof of Theorem 12). Let w € Fx(C3+), (0 < X < 3/2). And f"=Y(z) is continuous and has a
bounded variation on any compact interval of R. Furthermore, we suppose (1.8). We set

Gr_1(z) = fO V(x4 hdy(2)/2) — fO7VD (z — hd,(2)/2).

We use Holder’s inequality. Let 1% + % =1, p,g>1. We see

WAL, () (fs )| 21 (21 <o(20))

by (2)/2 hby ()2
:/ |w(z)/ / G (& 4+t & e+ tr1)dby et |
|z|<o(2t) h®i(z)/2 —h®:(x)/2

h®t(z)/2 hdy(x)/2
C/ / / w(z+ty + ... +tr—1)
|z|<o(2t) h@t(a:)/Q —h®y(x)/2
x|gr_1(x +t1 + ..+ tq)|dty.dt,_da

h h
C/ / / ’LU(I—Ftl+...—|—t7«_1)|g7~_1(1‘+t1—|—...—|—tr_1)|dt1...dtr_1d,$
|z|<o (2t —h
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h
<C {/ 19dt,_, } /4
|z|<o(2t) J—h

h h h
x{/ [/ / w(x+ty+ .. +tr—1)|gro1(@+ 1+ oo + 1))
—h J—h —h

xdty...dt,_o]Pdt,_, }/Pda

h h
<C ( / 191,y / 19qt, 5}/
|z|<o(2t) J—h —h

R sh ek h
x{/ / [/ / w(@ 4+t + .. +Ftr—1)|gr—1(x +t1 4+ ... + tr-1)]
nJonJ-n Jon

xdty ---dtr—S]pdtr—ldtr_Q}l/pdx

h h h
<C {/ 1thr_1}1/‘1{/ lthT_g}l/q....{/ 19dt, } /9
—h —h —h

|z|<o(2t)

h o ph h
x{/ / / w4+t 4+ ..+ tr—1)gr—1(x +t1 4+ .. + tr-1)|P
—hJ—h —h

xdt,_ydt,_o...dt, }/Pdz
h rh h z+h®Pe(x)/24t1+...+tro1
<Ct(7"—1)/q{/ / / |w(x+t1—|—...+tr_1)/ df(r—l)(y)\p
—hJ—h —h

fE—h@t(I)/Z—‘rtl-‘r...—l—tr_l
xdt,_ydt,_o...dt, }/Pdz

T+hdy () /24t +. Aty
§Ct(r 1)/q/ / / / / (y)df(r_l)(yﬂp
|z|<o(2t) z—h®(x)/24+t1+...+tr—1
xdt,_ydt,_o...dt, }/Pdz

z+h®(x)/24+t1+...+tr—1
care [ (L w)ldf D )
|z|<o(2t) z—h®i(z)/2+t1+...+tr_1
thT»_ldtT»_Q...dtl}l/p

z+rh
<Ot<T—1>/q/ (/ w(y)|dfrV(y dx{/ / / dt,_1dt,_o...dt; }1/P
|z|<o(2t) Jx—rh

x+rh
< Cttr—D/ayr—1)/p / ( / wy)dfr (y))de

|z|<o(2t) Jxz—rh

z+rh
<cor! / ( / w(y)|dfrV () )dz
|z|<o(2t) Ja—rh

Here we see

x+rh y+rh
(r=1) x w P (r=1)
/ﬂga >/ Wl VW < [ wi) [ )

<20t [ Wl

Hence we have

|wALe, ) (f, D) L1 (12 <o(20)) < Ct"/RW(y)Idf("_l)(yN-

By Theorem 9 we have

JAAM

/(m (Q" (@) w(@)(f(2) = Proyp(@))lde < w(f"™Y = erm1 )Lt (o130 (a0)):
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where ¢,_1 f = Pr(:l} (z) is a constant. Now we see

Qo) > ¢

In fact, we write 4¢ = a,,/u, then o(4t) = a,. Hence we have

Qo) = Qlan) > V0 5 CL
that is, we have (A.2). Therefore,
/ T w(@)(f(@) - Pry p(a))|da
o(4t)

T ) (FrD) — =Dy .

<Ol M@ S el
- w(@)(F V(o —Cr_1 T
+ / o [ 00) e

; 1) (y)|de

< C@ean) A, " / SRR
- w(@)(F V(o —Cr_1 T
+ / o [ 0) e

1 (=1 (3)|dz

S @@y Y, @ / AN
I el [ 7 Q@ (@)ulz)da)

v =1 () da 4 | F—D e
<CrmmT (4t>Q / AFD ()| + £ (0(41)) — ern,slu(o (48))]
<C”/ Q' / Af =D () + [ £V (0(48)) — ey, slw(o(41)]
<o / / Q' (@)w(@)da)|df =D )] + £ (0 (4)) — vy sl (40)

<ot / W) AfT D ()] + £ (o (4)) — err plw(o(4)]
<cr / T wy)d e )

for ¢ small enough. Similarly,

0

—o(4t)
/_ () (f(z) — Proy g ()| < CF / w(m)ldf T )]

— 00

Therefore, we have the result for @, 1(w, f,1).
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Next we give the estimate for @, o (w, f,t). Using the calculation of the proof of the above L; case,
we have for any € > 0 there exists L > 0 large enough such that

||WAZ¢t(z)(fa ) || Lo (L< 2| <o (26))

h h h
<C{/ 1th,._1}1/Q{/ 1'1dt,._2}1/q....{/ 19dt, }/9
—h

x{/ / / sup |lw(z+t1 + ... +tr_1)gro1(x+t1 + oo+ 1) P
h

h L<|z|
xdt,_qdt,_o...dt; }/Pdz

h h h

<Cst(T_1)/q{/ / / dt,_1dt,_s...dt; }/Pdz
—hJ—h —h

< Cet™ 1,

and

x+rh
[0, Dty <O sup [ ([ s ) s
|lz|<L J|z|<o(2t) Jz—Th
< Cet™ L.
On the other hand, from Theorem 9 we easily see
(@ (@) w(@)(f(2) = Proy g (@))] < Cluw(fU V(@) = ermr p)ll e (a 2o(at)-
Hence, when |z| > o(4t),

1

lw(@)(f(z) = Pro1,p(2))] < CWIIMW‘” - Crfl,f)llLOC(|r|2o(4t))

=Ct"'o(1), ast—0.

Here we use the fact that under the condition of (1.8) we see lim|;| o w(z)(f(x) — ¢p_1.p) = 0 (see
Lemma 10). Therefore, we have the result. O

Proofs of Theorem 14 and Corollaries 15 and 16
To prove Theorem 14 we need the following lemma.
Lemma 21 (cf. [12, Proposition 3.3]). Let 1 < p < 0o and w € F(C3+) (0 < X < 3/2) satisfy (1.2).
Then for every absolutely continuous g with wg' 6 LP(R) and for any n € N, there exists a polynomial
Vi € Pap, such that V,) = v,(g") and
lw(g = Vi) lzo gy < CEpu(TY*w, ') (A.3)
holds, where v,(g') is the de la Vallée Poussin mean of ¢'.
Proof. We only repeat the proof of [12; Proposition 3.3]. We need, however,
w(g" = vn(gNllr@) < CBpn(T *w, g')

instead of [12, (3.12) in the proof of Proposition 3.3], that is,

[w(g" = va(gNlLr@ < CTY*(an)Epn(w,d).

In fact, (A.1) follows from Result 1 (1.4). O

JAAM Copyright © 2017 Isaac Scientific Publishing



Journal of Advances in Applied Mathematics, Vol. 2, No. 3, July 2017 193

[A4] (Proof of Theorem 14). We find a polynomial V,,_; as in Lemma 21, so that V! _; = v,—1(f”). Then,
from Result 1 (1.3) and Proposition 19 we get

w
Hm(f’ = P)lew)
w ! / w / /
< ||m(f = V-1 () lzew) + ||W(an1 = P)|lLew)
n
< C{Ep (') + ;”w(vn—l — P)llzr@w)}-
Here, by Lemma 21 and (4.1) we see
[w(Va—1 = P)llze@) < [lw(f = Vac)lze@) + llw(f = P)llr )
< Ca—"Ep,n,l(Tl/‘Lw, +e.
n
Hence, for i = 1 we have (4.2), that is,

w n
|| T1/2 (f/ - P/)”LP(]R) < CEp,n—l(T1/4w, fl) + —e¢. (A4)

Qn

If in (A.4) we replace w and ¢ with

W — W_y/p ~ T2y and £ — CEp,n,l(Tl/‘lw, )+ 257
a

n

respectively (note Result 4), then

w _ n—1 n
Hf(f" — P)lzo@) < CEp—a(T™w, ) + — (CEp 1 (T w, f') + —¢)
< C{Bp-a(T 0, ") + ()%},

that is, we have (4.2) with ¢ = 2. We may continue this method. So, inductively we have (4.2) with
i=1,2,...,r, that is,

w
Ti/2

n

575 (F = PO oy < CLEpn—i( T w, f@) + (—=)'e}.

Qn
In particular, if

Hw(f - P)HLP(]R) < CEp,n(T1/4w§ f)7

then by (4.2) and Result 5,
” T (f(z) _ P(Z))”LP(R) < CEp,n_i(T1/4w, f(z)) + C(;)ZEp7n(T1/4w; f)

g CEp,n—i(T1/4W, f(z)) + CEp,n_i (T1/4’LU; f(l))
< CBp i3 fO) < C(Z2) ™ By (T 003 1),

that is , we have (4.3). O
[A5] (Proof of Corollary 15). From (4.4) we have

w
||m(f = Pllrw) <e
Let T—Y*%w ~ w* € F(C?4) (see Result 4). Then, applying Theorem 14 with w*, we have (4.5), that is,

Ye}.

(fD = POY|| Loy < C{Epn—i(w, fP) + (—

v
I T(2i+1)/4 a,
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In particular, if
Hw(f - P)HLP(]R) < CEp,n(w; f)a

then by (4.5) and Result 5,

w
I T(2i+1)/4

(F9 = PO) o ry < CBpni(w, £9) 4 C() Epon s )

QA

rfiE - . p(r)
n ) p,n (U), f )7
that is, we have (4.7). O
[Ag] (Proof of Corollary 16). Noting (4.8), we set
T 2w(f — P)lloy =i <&, i=1,2,...,m

By Result 4 there is a weight w; such as T"/?w ~ w; € F(C?+). Now we apply Theorem 5 with w;, then
from (4.2) we have (4.9), that is,

w(f® — p(i))HLP(R) < C{Ep,n_i(T(2i+1)/4w7f(i)) + (ﬁ)i&:}'

In particular, if (4.10) holds, then for i = 1,2, ..., 7,
||T2/2w(f - P)”LP(]R) < CEp,n(TT/Qw; f)v

and by (4.9) and Result 5,
an

||w(f(i) _ P(i))”Lp(R) < C(;)TfiEp,n_r(T(%ﬂ»l)/‘lw;f(T))7

that is, we have (4.11).

To prove Theorem 18 we need some lemmas. We define

1zl
Qy 924 < .
pulz) = v /1Bl el S a5 ()3, s 0.
Pulau), ay < |z,
Lemma 22 ([8, Lemma 3.4]). We have
a, 1 1
— . (x) <C
VA (x)

Anp(w;z) == inf /jo |w(®)P(t)|Pdt/|P(z)|P.

Lemma 23 ([4, Theorem 9.3 (c)]). Let w € F(C?+). Let 0 < p < oo.
(a) Let L > 0. Then uniformly for n > 1 and |x| < an(1 + Ln,), we have

Anp(w; ) ~ o (z)wP ().
(b) Moreover, uniformly forn > 1 and x € R,
on(T)wP(x) < CAy p(w; ).

Now the proof of the theorem is simple.
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[A7] Proof of Theorem 18. The equation (5.1) follows from [4, Theorem 10.3]. We show (5.2). By Result

4 we can replace 72~ %) with Wy 2 € F(C?+), where v := £ — L. Let 1 < ¢ < p.

1
q

o0
TPl o = [ 1T PO PP

= /jO TP (8) [w(t) P ()P~ () P(8)|“dt

N

/jo |92 (8) [Jw () (1) |P~ () P(1) | “dt

[ I POROPO g
—/_OO| e LU

[T~ 2wP|
< JT HLOC(R)”wP”L (R)

(A.5)

because of apq/(p — q) = 1. Here we use some numbers and functions with the weight T2 ~ w* =
w_n2 € F(C?+). And they are MRS-numbers a;, and the functions T*(z), ¢} (x). We see L,—type

Christoffel functions A, ,(w*;z). By Lemmas 22 and 23 we have

TP OOOPOP o WO 5oyt Pl
T(t) ST z

1 w1 «
T*( )<Pn O)w*PII}, g

n —Q
< )W Pl gy < CEOT— 2wl ).

Substituting (A.6) into (A.5), we have
—a n —a pP—q
7= Pl gy < CLCIT 0Pl ) Y5 0PI e
= C(a )7”T O‘/QwPHL »(R) ”wP”L (R

n

So
IT=2wP|e o < C(—=)F |wP|1
Ly(R) an Ly(R)
that is,

|T~*2wP||1, ) < C(

noi_1
a)“ ?lwPl| L, ®)-

Consequently, we have the result (5.2).
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