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Abstract We investigate weighted polynomial approximations. Especially, we will study some
facts related to the Fourier-type orthogonal expansion and the de la Vallée Poussin means. Then
the estimate of the modulus of smoothness is important. To complete the theorems we need the
Nikolskii-type inequality, higher order derivatives of approximation polynomials, the function with
bounded variation, and others.
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1 Introduction and Theorems

In this paper, we study the weighted polynomial approximations. Especially, we treat of the partial sum
of Fourier-type series and the de la Vallée Poussin means. Let R = (−∞,∞). We consider an exponential
weight

w(x) = exp(−Q(x)), x ∈ R,

where Q is an even and nonnegative function on R. We assume that w satisfies some conditions which
will be stated in Section 2. We define a function T = Tw by

T (x) := xQ′(x)
Q(x) , x 6= 0. (1.1)

We call w a Freud-type weight if T is bounded, and otherwise, w is called an Erdös-type weight. For
α > 1, Q(x) = |x|α makes a typical example of Freud-type weights and Q(x) = ex

α−1 gives an Erdös-type
weight.

Let {pn} be orthonormal polynomials with respect to a weight w, that is, pn is the polynomial of
degree n such that ∫ ∞

−∞
pn(x)pm(x)w2(x)dx = δmn (the Kronecker delta).

For 1 6 p 6∞, we denote the usual Lp space on R by Lp(R) (here for p =∞, if wf ∈ L∞(R), then we
require f to be continuous, and wf to have limit 0 at ±∞). For wf ∈ Lp(R), we set

sn(f, x) :=
n−1∑
k=0

bk(f)pk(x), where bk(f) =
∫ ∞
−∞

f(t)pk(t)w2(t)dt

for n ∈ N (the partial sum of Fourier-type series). The de la Vallée Poussin mean of order n is defined by

vn(f, x) := 1
n

2n∑
j=n+1

sj(f, x).

Up to date, we have obtained some results, such as our reports as follows. We define the Mhaskar-
Rakhmanov-Saff numbers an as

n = 2
π

∫ 1

0

anuQ
′(anu)

(1− u2)1/2 du.
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Let 1 6 p 6 ∞. For wf ∈ Lp(R) and n ∈ N, the degree of the weighted polynomial approximation
Ep,n(w; f) is defined by

Ep,n(w; f) := inf
P∈Pn

‖w(f − P )‖Lp(R),

where Pn is the class of all polynomials with degree n at most. It is known that when w ∈ F(C2+)
and wf ∈ Lp(R) (for p =∞, we require f to be continuous, and wf to have limit 0 at ±∞), Ep,n(w; f)
converges 0 as n→∞ (see e.g. [3, Theorem 1.4]).

Result 1 ([9, Theorem 1, Corollary 14]). Let w ∈ F(C2+) and let wf ∈ Lp(R). Then, under the condition

T (an) 6 c( n
an

)2/3, (1.2)

there exists a constant C > 0 such that

‖ w

T 1/4 vn(f)‖Lp(R) 6 C‖wf‖Lp(R),

and

‖wvn(f)‖Lp(R) 6 C‖T 1/4wf‖Lp(R).

So,

‖ w

T 1/4 (f − vn(f))‖Lp(R) 6 CEp,n(w, f), (1.3)

and

‖w(f − vn(f))‖Lp(R) 6 CEp,n(T 1/4w, f). (1.4)

Furthermore,

‖w(f − vn(f))‖Lp(R) 6 CT 1/4(an)Ep,n(w, f). (1.5)

Moreover, if f is absolutely continuous and wf ′ ∈ Lp(R), then

‖ w

T 1/4 vn(f)‖Lp(R) 6 C
an
n
‖wf ′‖Lp(R).

Result 2 ([10, Theorem 1.1]). Let r > 2 be an integer and let w ∈ Fλ(C4+) (0 < λ < (r + 3)/(r + 2))
(see Section 2 for the definition), and let 1 6 p 6 ∞. Then there exists a constant C > 1 such that if
1 6 j 6 r, and if wf ∈ Lp(R), then

‖ w

T (2j+1)/4 v
(j)
n (f)‖Lp(R) 6 C( n

an
)j‖wf‖Lp(R)

holds for all n ∈ N.

Result 3 ([11, Theorem 1.1]). Let w ∈ Fλ(C3+) with 0 < λ < 3/2. Suppose that f is continuous and
has a bounded variation on any compact interval of R. If f satisfies∫ ∞

−∞
w(x)|df(x)| <∞, (1.6)

then

lim
n→∞

‖ w

T 1/4 (f − sn(f))‖L∞(R) = 0.

The completion of theorems with the weight w ∈ Fλ(Cm+) is guaranteed by the following theorems;
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Result 4 ([8, Theorem 4.1,4.2 and (4.11)]). Let 0 < λ < 3/2 and α ∈ R. Then for w = exp(−Q) ∈
Fλ(C3+), we can construct a new weight wα ∈ F(C2+) such that

T (x)αw(x) ∼ wα(x), x ∈ R,

and the following holds:

an(wα) ∼ an = an(w), n = 1, 2, 3, ... .

In fact, there exists c > 1 such that

an/c(wα) 6 an = an(w) 6 acn(wα), n = 1, 2, 3, ...,

and

Twα(x) ∼ T (x) = Tw(x) x ∈ R.

Let w = exp(−Q) ∈ Fλ(Cm+1+) for an integer m > 0, and let α = α1 +α2 + ...+αm. Then inductively
we construct new weights wα1 , (wα1)α2, ....

When we consider the function with higher order derivatives, we need the following important theorem;

Result 5 ([7, Corollary 8]). Let w ∈ F(C2+), and let r > 0 be an integer. Let 1 6 p 6 ∞, and let
wf (r) ∈ Lp(R). Then we have

Ep,n(f, w) 6 C(an
n

)k‖wf (k)‖Lp(R), k = 1, 2, ..., r,

and equivalently,

Ep,n(f, w) 6 C(an
n

)kEp,n−k(f (k), w).

In this paper our purpose is to improve Results 1-3. Now, we can give some new results as below. To
prove them we need many lemmas. Avoiding complex representations we will give proofs of lemmas in
Appendix. We start from the estimate of the modulus of smoothness.

Theorem 1. Let w = exp(−Q) ∈ Fλ(Cr+1+) (0 < λ < (r + 1)/r), where r is a positive integer, and let
1 6 p 6∞. Let f (r−1)(x) be absolutely continuous and ‖wf (r)‖Lp(R) <∞, then we have

ω̃r,p(f, w, t) 6 Ctr‖wf (r)‖Lp(R). (1.7)

Theorem 2. Let w ∈ Fλ(C3+), 0 < λ < 3/2, and let 1 6 p 6∞. Suppose that for a positive integer r,
f (r−1)(x) is continuous on R and has a bounded variation on any compact interval of R. Furthermore
f (r−1)(x) satisfies ∫ ∞

−∞
w(x)|df (r−1)(x)| <∞, (1.8)

then we have

ω̃r,p(f, w, t) 6 Ctr−1+1/po(1)1−1/p{
∫
R
w(y)|df (r−1)|}1/p,

where w̃r,p(f, w.t) is defined in Section 3.

Theorem 3. Let w ∈ F(C2+), and let (1.2) be satisfied. Let 1 6 p 6∞. Suppose that f is continuous
and has a bounded variation on any compact interval of R. If f satisfies (1.6), then we have

‖ w

T 1/4 (f − vn(f))‖Lp(R) 6 Con(1)1−1/p(an
n

)
1
p ,

where C > 0 is a constant and

on(1) := ω̃1,∞(f, w, Lan
n

)→ 0 as n→∞. (1.9)
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Now, we treat of an absolutely continuous function.

Theorem 4. Let w ∈ F(C2+), and let (1.2) be satisfied. Let 1 6 p 6∞, and let r be a positive integer.
Suppose that f (r−1)(x) is absolutely continuous and wf (r) ∈ Lp(R), then we have

‖ w

T 1/4 (f − vn(f))‖Lp(R) 6 C(an
n

)r‖wf (r)‖LpR.

Theorem 5. Let w = exp(−Q) ∈ Fλ(Cr+2+), 0 < λ < (r + 2)/(r + 1), where 1 6 r is an integer,
and let (1.2) be satisfied. Let 1 6 p 6 ∞. We suppose that f (r−1) is absolutely continuous. Then for
T 1/4wf (r) ∈ Lp(R) we have

‖ w

T i/2 (f (i) − v(i)
n )‖Lp(R) 6 C(an

n
)r−iEp,n−r(T 1/4w; f (r)),

and for wf (r) ∈ LP (R) we see

‖ w

T (2i+1)/4 (f (i) − v(i)
n )‖Lp(R) 6 C(an

n
)r−iEp,n−r(w; f (r)).

Furthermore, for T (2i+1)/4wf (r) ∈ Lp(R) we have

‖w(f (i) − v(i)
n )‖Lp(R) 6 C(an

n
)r−iEp,n−r(T (2i+1)/4w; f (r)).

Especially, for the Freud-type weight w we have

‖w(f (i) − v(i)
n )‖Lp(R) 6 C(an

n
)r−iEp,n−r(w; f (r)).

The following theorem is an extension of Theorem 3.

Theorem 6. Let w = exp(−Q) ∈ Fλ(Cr+2+), 0 < λ < (r + 2)/(r + 1), where 1 6 r is an integer, and
1 6 p 6 ∞. Suppose that f (r−1)(x) is continuous on R and has a bounded variation on any compact
interval of R, and (1.8) is satisfied. Let 1 6 p 6∞. Then we have

‖ w

T (2i+1)/4 (f (i) − v(i)
n )‖Lp(R) 6 C(an

n
)r−i−1+1/pon(1)1−1/p{

∫
R
w(y)|df (r−1)|}1/p,

i = 0, 1, ..., r − 1.

Theorem 7. Let w ∈ Fλ(C3+), 0 < λ < 3/2. Suppose that f is absolutely continuous and wf ′ ∈
Lp(R) ∩ L2(R) (1 6 p 6∞). Then we have

‖ w

T 1/4 (f − sn)‖Lp(R) 6 Cf (an
n

)
1
2 + 1

p

{
n

1
p−

1
2 , 1 6 p < 2;

1, 2 6 p 6∞,

where Cf := C{‖wf ′‖Lp(R) + ‖wf ′‖L2(R)}.

In this theorem we see that the best estimation is given for p = 2.
Theorem 7 is extended as follows.

Theorem 8. Let w ∈ Fλ(Cr+2+), 0 < λ < (r+ 2)/(r+ 1), where r is a positive integer, and 1 6 p 6∞.
Suppose that f (r−1)(x) is continuous on R and has a bounded variation on any compact interval of R,
and (1.8) is satisfied. Then we have

‖ w

T (2i+1)/4 (f (i) − s(i)
n )‖Lp(R)

6 C(an
n

)r−i−1+ 1
p {
∫
R
w(y)|df (r−1)|}1/p

{
o(1)1−1/pn

1
p−

1
2 , 1 6 p < 2;

o(1) 1
2 , 2 6 p 6∞.

i = 0, 1, ..., r − 1,

where Cf is a constant depending only on f and δn is defined by (1.10).
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In Section 2, we give definitions of F(C2+) and Fλ(Cm+2+). They are classes of exponential weights
which are treated in this paper. Some related notations are also given. In Section 3 we give the estimate
of modulus of smoothness. In Section 4 we give estimates of the de la Vallée Poussin means. In Section 5
we give estimates for the partial sum of Fourier-type expansion. To clarify our main theorems the proofs
of other results are stated in Appendix.

For any nonzero real valued functions f(x) and g(x), if there exist constants C1, C2 > 0 independent
of x such that C1g(x) 6 f(x) 6 C2g(x) for all x in the range, then we write f(x) ∼ g(x). Similarly, for
any two sequences of positive numbers {cn}∞n=1 and {dn}∞=1 we define cn ∼ dn.

Throughout this paper, C,C1, C2, ... denote positive constants independent of n, x, t or polynomials
Pn(x). The same symbol does not necessarily denote the same constant in different occurrences.

2 Definitions of Classes F(C2+), Fλ(Cm+2+), and Notations

We say that an exponential weight w = exp(−Q) belongs to a class F(C2+), when Q : R→ [0,∞) is a
continuous and even function and satisfies the following conditions:
(a) Q′(x) is continuous on R and Q(0) = 0.
(b) Q′′(x) exists and is positive on R\{0}.
(c) limx→∞Q(x) =∞.
(d) The function

T (x) := xQ′(x)
Q(x) , x 6= 0

is quasi-increasing in (0,∞) (i.e. there exists c > 1 such that T (x) 6 cT (y) whenever 0 < x < y), and
there exists Λ > 1 such that

T (x) > Λ, x ∈ R\{0}.

From now on we set T (0) = Λ. Then T (x) > Λ on R
(e) There exists C > 1 such that

Q′′(x)
|Q′(x)| 6 C1

|Q′(x)|
Q(x) , a.e. x ∈ R,

and

C
Q′′(x)
|Q′(x)| >

|Q′(x)|
Q(x) , a.e. x ∈ R\J.

Let w ∈ F(C2+), and let λ > 0. We write w ∈ Fλ(C2+), if there exist K > 1 and C > 1 such that
for all |x| > K,

|Q′(x)|
Q(x)λ 6 C

holds. We also write w ∈ Fλ(Cm+2+) for a nonnegative integer, if w ∈ Fλ(C2+), Q ∈ Cm+2(R\{0}) and

|Q
′′(x)

Q′(x) | ∼ |
Q(k+1)(x)
Q(k)(x)

| (k = 2, ...,m), |Q
(m+2)(x)

Q(m+1)(x)
| 6 C|Q

(m+1)(x)
Q(m)(x)

|

hold for every |x| > K. Clearly Fλ(Cm+2+) ⊂ Fλ(C2+) ⊂ F(C2+).
Let u > 0, α > 0 with α+ u > 1 and let l ∈ N. We set

Q(x) = |x|uQl,α(x) = expl(|x|α)− expl(0),

where expl(x) = exp(exp(exp . . . expx) . . .) (l times).
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Set

σ(t) := inf{au; (au/u) 6 t}, t > 0.

We see that au/u is monotonically decreasing for every t > 0, so there is a unique u > 0 such that

t = au
u

and σ(t) = au

and hence limt→+0 σ(t) =∞. Furthermore we have

an 6 ac0n 6 c0an

for every c0 > 1 and every n ∈ N.
Lastly we recall the r-th order of the modulus of smoothness ωr,p(w; f ; t), which is defined as follows

(cf. [1]): Let r be a positive integer, and let 1 6 p 6∞. We set

∆r
h(f, x) :=

r∑
i=0

(ri )(−1)if(x+ rh

2 − ih), x ∈ R.

For the Freud-type weight,

ωr,p(f, w, t) := sup
0<h6t

‖w∆r
h(f, x)‖Lp(|x|6σ(2t)) + inf

P∈Pr−1
‖(f − P )w‖Lp(|x|>σ(4t)). (2.1)

For the Erdös-type weight,

ωr,p(f, w, t) := sup
0<h6t

‖w∆r
hΦt(x)(f, x)‖Lp(|x|6σ(2t)) + inf

P∈Pr−1
‖(f − P )w‖Lp(|x|>σ(4t)), (2.2)

where

Φt(x) :=

√
|1− |x|

σ(t) |+
1√

T (σ(t))
.

We remark that if T (x) is bounded, then we see Φt(x) ∼ 1. So, (2.2) means (2.1). Hence, in the rest of this
paper we consider only (2.2). Unfortunately, ωr,p(f, w, t) is inconvenient for our use, so we will modify it.
For an integer r > 1, let f (r−1) be continuous. Then we define the modulus of smoothness ω̃r,p as follows.

ω̃r,p(f, w, t) := sup
0<h6t

‖w∆r
hΦt(x)(f, x)‖Lp(|x|6σ(2t)) + ‖w(f − Pr−1,f )‖Lp(|x|>σ(4t)). (2.3)

Here, we set Pr−1,f ∈ Pr−1 such as

P
(j)
r−1,f (0) = f (j)(0), j = 0, 1, ..., r − 1. (2.4)

Clearly, we see ωr,p(f, w, t) 6 ω̃r,p(f, w, t).

3 Estimate of Modulus of Smoothness

In this section we give the proofs of Theorems 1,2. To do them we need some lemmas.

Theorem 9 ([A1]). Let w = exp(−Q) ∈ F(C2+).
(a) We have

|Q′(x)w(x)
∫ x

0
w−1(t)dt| 6 C, x > 0. (3.1)
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(b) Let 1 6 p 6∞. If g is absolutely continuous, g(0) = 0 and g′ ∈ Lpw(R), then for any fixed constant
γ > 0,

‖Q′wg‖Lp(|x|>γ) 6 C‖wg′‖Lp(R). (3.2)

Furthermore, when w = exp(−Q) ∈ Fλ(Cr+1+) ⊂ F(C2+) (0 < λ < (r + 1)/r), where r is a positive
integer), further g(r−1) is absolutely continuous, g(j)(0) = 0, j = 0, 1, ..., r− 1 and wg(r) ∈ Lp(R), we see

‖(Q′)rwg‖Lp(|x|>γ) 6 C‖wg(r)‖Lp(R). (3.3)

From (3.3) we see that ‖wg(r)‖Lp(R) <∞ means ‖wg(i)‖Lp(R) <∞, i = 0, 1, ..., r − 1.

The proof of Theorem 9 is given in Appendix. We denote this fact by [A1]. As we see below we will
use the same notation similarly, that is, P ([Ai]) means that the proof of P is given in Appendix [Ai].

The modulus of smoothness ω̃r,p in (2.3) is very useful for the approximation theory.

Proof of Theorem 1. We use Hölder’s inequality. Let 1/p+ 1/q = 1, 1 6 p 6∞. We see

‖w∆r
hΦt(x)(f, x)‖pLp(|x|6σ(2t))

=
∫
|x|6σ(2t)

|w(x)
∫ hΦt(x)/2

−hΦt(x)/2
...

∫ hΦt(x)/2

−hΦt(x)/2
f (r)(x+ t1 + ...+ tr)dt1...dtr|pdx

6 C

∫
|x|6σ(2t)

|
∫ hΦt(x)/2

−hΦt(x)/2
...

∫ hΦt(x)/2

−hΦt(x)/2
w(x+ t1 + ...+ tr)f (r)(x+ t1 + ...+ tr)dt1...dtr|pdx

6 C

∫
|x|6σ(2t)

|
∫ h

−h
...

∫ h

−h
w(x+ t1 + ...+ tr)f (r)(x+ t1 + ...+ tr)dt1...dtr|pdx

6 C

∫
|x|6σ(2t)

{
∫ h

−h
1qdtr}p/q

×{
∫ h

−h
|
∫ h

−h
...

∫ h

−h
w(x+ t1 + ...+ tr)f (r)(x+ t1 + ...+ tr)dt1...dtr−1|pdtr}dx

6 C

∫
|x|6σ(2t)

{
∫ h

−h
1qdtr}p/q{

∫ h

−h
1qdtr−1}p/q

×{
∫ h

−h

∫ h

−h
|
∫ h

−h
...

∫ h

−h
w(x+ t1 + ...+ tr)f (r)(x+ t1 + ...+ tr)dt1...dtr−2|p

×dtrdtr−1}dx
.........................................

6 C

∫
|x|6σ(2t)

{
∫ h

−h
1qdtr}p/q{

∫ h

−h
1qdtr}p/q....{

∫ h

−h
1qdtr}p/q

×{
∫ h

−h

∫ h

−h
...

∫ h

−h
|w(x+ t1 + ...+ tr)f (r)(x+ t1 + ...+ tr)|pdtrdtr−1...dt1}dx

6 C{
∫ h

−h
1qdtr}p/q{

∫ h

−h
1qdtr}p/q....{

∫ h

−h
1qdtr}p/q

×{
∫ h

−h

∫ h

−h
...

∫ h

−h

∫
R
|w(x+ t1 + ...+ tr)f (r)(x+ t1 + ...+ tr)|pdxdtrdtr−1...dt1}

6 Ctpr/qtr‖wf (r)‖pLp(R).

Therefore, we have

‖w∆r
hΦt(x)(f, x)‖L∞(|x|6σ(2t)) 6 Ctr/qtr/p‖wf (r)‖Lp(R) = Ctr‖wf (r)‖Lp(R).
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Next, by Theorem 9 with γ = σ(4t) we have

‖(Q′(x))rw(x)(f(x)− Pr−1,f (x))‖Lp(|x|>σ(4t)) 6 C‖w(x)f (r)(x))‖Lp(R) <∞,

where the polynomial Pr−1,f is defined by (2.4). Therefore, we see

‖w(x)(f(x)− Pr−1,f (x))‖Lp(|x|>σ(4t)) 6 ( 1
Q′(σ(4t)) )r‖wf (r)‖Lp(R)

6 Ctr‖wf (r)‖Lp(R).

Consequently, by ωr,p(f, w, t) 6 ω̃r,p(f, w, t) we have the result (1.7).

From the condition (1.8) with r = 1 and g we obtain the following facts.

Lemma 10 (cf. [11, Lemma 3.3]). Let w ∈ F(C2+). Suppose that g is continuous on R and has a
bounded variation on any compact interval of R, and

∫∞
−∞ w(x)|dg(x)| <∞ holds. Then wg ∈ L1(R) and

wg has a limit 0 at ±∞.
Proof. Let w(x) = exp(−Q(x)). We may suppose g(0) = 0. Since Q′(x) is nondecreasing in (0,∞),
Fubini’s Theorem gives us∫ ∞

1
|g(x)w(x)|dx 6

1
Q′(1)

∫ ∞
1

Q′(x)|g(x)|w(x)dx

= 1
Q′(1)

∫ ∞
1

Q′(x)|
∫ x

0
dg(t)|w(x)dx 6

1
Q′(1)

∫ ∞
0

Q′(x)(
∫ x

0
|dg(t)|)w(x)dx

= 1
Q′(1)

∫ ∞
0

(
∫ ∞
t

Q′(x)w(x)dx)|dg(t)| = 1
Q′(1)

∫ ∞
0

w(t)|dg(t)| <∞.

Similarly
∫ −1
−∞ |g(x)w(x)|dx <∞ and clearly

∫ 1
−1 |g(x)w(x)|dx <∞, gw ∈ L1(R) follows.

For any ε > 0, we take R > 0 such that
∫∞
R
w(t)|dg(t)| < ε. If R < x <∞, then we have

|g(x)− g(R)| = |
∫ x

R

dg(t)| 6 1
w(x)

∫ x

R

w(t)|dg(t)| 6 ε

w(x) ,

which implies limx→∞ g(x)w(x) = 0. Similarly g(x)w(x)→ 0 as x→ −∞. In particular, gw ∈ L∞(R).

To prove Theorem 2 we need the following lemmas. The proofs of them will be given in Appendix.

Theorem 11 ([A2], cf. [11, (3.2)]). Let w ∈ Fλ(C3+) (0 < λ < 3/2), and let 1 6 p 6 ∞. Suppose
wf ∈ L1(R) ∩ L∞(R). Then we have

ω̃r,p(f, w, t) 6 ω̃1−1/p
r,∞ (f, w, t)ω̃1/p

r,1 (f, w, t).

Theorem 12 ([A3], cf. [2, 11 (Proposition 3.2)]). Let w ∈ Fλ(C3+), 0 < λ < 3/2. Suppose that for a
positive integer r, f (r−1)(x) is continuous on R and has a bounded variation on any compact interval of
R. Furthermore f (r−1)(x) satisfies (1.8). Then we have

ω̃r,1(w, f, t) 6 Ctr
∫
R
w(y)|df (r−1)|,

and

ω̃r,∞(w, f, t) 6 Ctr−1o(1).

Proof of Theorem 2. It immediately follows from Theorems 11 and 12 (note Lemma 10).
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4 Estimates of the De La Vallée Poussin Means

We need a Jackson-type theorem.

Lemma 13 ([1, 11(3.3)]). Let w ∈ F(C2+), and let 0 < p 6∞. We suppose wf ∈ Lp(R) (for p =∞,
we require f to be continuous, and wf to vanish at ±∞). Then there exists a constant C > 0 such that
for n > C1,

Ep,n(f, w) 6 Cωr,p(f, w, L
an
n

) 6 Cω̃r,p(f, w, L
an
n

),

where C1, L > 0 do not depend on f and n.

Now, the proof of Theorem 3 is simple.

Proof of Theorem 3. By Result 1(1.3) we have

‖ w

T 1/4 (f − vn(f))‖Lp(R) 6 CEp,n(w, f) 6 Cω̃1,p(f, w, L
an
n

).

Now using Theorem 2 with r = 1, we have the result.

The proof of Theorem 4 is also simple.

Proof of Theorem 4. By by Result 1 (1.3) we have

‖ w

T 1/4 (f − vn(f))‖Lp(R) 6 CEp,n(w, f).

Now from Result 5,

‖ w

T 1/4 (f − vn(f))‖Lp(R) 6 C(an
n

)r‖wf (r)‖Lp(R).

To prove Theorem 5 we need the following lemmas.

Theorem 14 ([A4]). Let w = exp(−Q) ∈ Fλ(Cr+2+), 0 < λ < (r + 2)/(r + 1), where 1 6 r is an
integer, and let (1.2) be satisfied. Let 1 6 p 6 ∞. We suppose that an absolutely continuous function
f (r−1) satisfies T 1/4wf (r) ∈ Lp(R). Then there exists a constant C > 1 such that if

‖w(f − P )‖Lp(R) 6 ε (4.1)

holds for some n > r, P ∈ P2n and ε > 0, then

‖ w

T i/2 (f (i) − P (i))‖Lp(R) 6 C{Ep,n−i(T 1/4w; f (i)) + ( n
an

)iε} (4.2)

holds for all i = 1, 2, ..., r. In particular, if

‖w(f − P )‖Lp(R) 6 CEp,n(T 1/4w; f),

then

‖ w

T i/2 (f (i) − P (i))‖Lp(R) 6 C(an
n

)r−iEp,n−r(T 1/4w; f (r)). (4.3)

Corollary 15 ([A5]). Let w = exp(−Q) ∈ Fλ(Cr+2+), 0 < λ < (r + 2)/(r + 1), where 1 6 r is an
integer, and let (1.2) be satisfied. Let 1 6 p 6 ∞. We suppose that an absolutely continuous function
f (r−1) satisfies wf (r) ∈ Lp(R). Then there exists a constant C > 1 such that if

‖w(f − P )‖Lp(R) 6 ε (4.4)
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holds for some n > r, P ∈ P2n and ε > 0, then

‖ w

T (2i+1)/4 (f (i) − P (i))‖Lp(R) 6 C{Ep,n−i(w; f (i)) + ( n
an

)iε} (4.5)

holds for all i = 1, 2, ..., j. In particular, if

‖w(f − P )‖Lp(R) 6 CEp,n(w; f), (4.6)

then

‖ w

T (2i+1)/4 (f (i) − P (i))‖Lp(R) 6 C(an
n

)r−iEp,n−r(w; f (r)), i = 1, 2, ..., r. (4.7)

Corollary 16 ([A6]). Let w = exp(−Q) ∈ Fλ(Cr+2+), 0 < λ < (r + 2)/(r + 1), where 1 6 r is an
integer, and let (1.2) be satisfied. Let 1 6 p 6 ∞. We suppose that an absolutely continuous function
f (r−1) satisfies T (2r+1)/4wf (r) ∈ Lp(R). Then there exists a constant C > 1 such that if

‖T r/2w(f − P )‖Lp(R) 6 ε (4.8)

holds for some n > r, P ∈ P2n and ε > 0, then

‖w(f (i) − P (i))‖Lp(R) 6 C{Ep,n−i(T (2i+1)/4w; f (i)) + ( n
an

)iε} (4.9)

holds for all i = 1, 2, ..., r. In particular, if

‖T r/2w(f − P )‖Lp(R) 6 CEp,n(T r/2w; f), (4.10)

then

‖w(f (i) − P (i))‖Lp(R) 6 C(an
n

)r−iEp,n−r(T (2r+1)/4w; f (r)). (4.11)

Proof of Theorem 5. In Theorem 14 we set

P = vn, ε = CEp,n(T 1/4w, f),

and then we have

‖ w

T i/2 (f (i) − v(i)
n )‖Lp(R) 6 C{Ep,n−i(T 1/4w; f (i)) + C( n

an
)iEp,n(T 1/4w, f)}.

From Results 4, 5, we obtain

‖ w

T i/2 (f (i) − v(i)
n )‖Lp(R) 6 CEp,n−i(T 1/4w; f (i)) + C(an

n
)r−iEp,n−r(T 1/4w; f (r))

6 C(an
n

)r−iEp,n−r(T 1/4w; f (r)).

Similarly, in Corollary 15 we set

P = vn, ε = CEp,n(w, f), T−1/4w ∼ w−1/4,

then we conclude

‖ w

T (2i+1)/4 (f (i) − v(i)
n )‖Lp(R) 6 C‖

w−1/4

T i/2 (f (i) − v(i)
n )‖Lp(R)

6 C{Ep,n−i(T 1/4w−1/4; f (i)) + C( n
an

)iEp,n(w−1/4, f)}

6 C{Ep,n−i(w; f (i)) + CEp,n−i(w, f (i))}

6 C(an
n

)r−iEp,n−r(w; f (r)).
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Furthermore, in Corollary 16 we set

P = vn, ε = CEp,n(T r/2w, f), T r/2w ∼ wr/2.

Then we have

‖w(f (i) − v(i)
n )‖Lp(R) 6 C(an

n
)r−iEp,n−r(T (2i+1)/4w; f (r)).

Consequently, we have the results.

To prove Theorem 6 we need Corollary 15.

Proof of Theorem 6. In Corollary 15 we set

P = vn, ε = CEp,n(w, f),

and then from Theorem 2 and Lemma 13, we have for i = 0, ..., r − 1

‖ w

T (2i+1)/4 (f (i) − v(i)
n )‖Lp(R) 6 CEp,n−i(w; f (i)) 6 Cω̃r,p(w, f (i),

an
n

)

6 C(an
n

)r−i−1+ 1
p o(1)1−1/p{

∫
R
w(y)|df (r−1)|}1/p.

5 Estimates for the Partial Sum of Fourier-type Expansion

We prepare two lemmas.

Lemma 17 ([6]). The following is well-known.

‖w(f − sn(f))‖L2(R) = E2,n(f, w).

The following so-called Nikolskii-type inequality is useful.

Theorem 18 ([A7]). Let w = exp(−Q) ∈ Fλ(C3+) (0 < λ < 3/2), and let P ∈ Pn. For 0 < p 6 q 6∞,
we have

‖wP‖Lp(R) 6 Ca
1
p−

1
q

n ‖wP‖Lq(R), (5.1)

and for 1 6 q < p 6∞, we have

‖T
1
2 ( 1
p−

1
q )wP‖Lp(R) 6 C( n

an
)

1
q−

1
p ‖wP‖Lq(R), (5.2)

where T is defined by (1.1).

Proof of Theorem 7. We see by Result 1 and Result 5,

‖ w

T 1/4 (f − sn)‖Lp(R) 6 ‖
w

T 1/4 (f − vn)‖Lp(R) + ‖ w

T 1/4 (vn − sn)‖Lp(R)

6 CEp,n(w, f) + ‖ w

T 1/4 (vn − sn)‖Lp(R)

6 C(an
n

)‖wf ′‖Lp(R) + ‖ w

T 1/4 (vn − sn)‖Lp(R). (5.3)

First, let 1 6 p < 2. By Theorem 18 (5.1) with q = 2,

‖ w

T 1/4 (vn − sn)‖Lp(R) 6 ‖w(vn − sn)‖Lp(R)

6 Ca
1
p−

1
2

n ‖w(vn − sn)‖L2(R). (5.4)
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We estimate

‖w(vn − sn)‖L2(R) 6 ‖w(f − vn)‖L2(R) + ‖w(f − sn)‖L2(R). (5.5)

From Lemma 17 we see

‖w(f − sn)‖L2(R) = E2,n(f, w).

Hence, by Result 5 we see that

‖w(f − sn)‖L2(R) 6 C(an
n

)‖wf ′‖L2(R).

This estimate also implies

‖w(f − vn)‖L2(R) 6 ‖(
1
n

2n∑
j=n+1

f − 1
n

2n∑
j=n+1

sj(f))w‖L2(R)

6
1
n

2n∑
j=n+1

‖w(f − sj(f))‖L2(R)

6
1
n

2n∑
j=n+1

C(aj
j

)‖wf ′‖L2(R)

6 C(an
n

)‖wf ′‖L2(R),

so that we see

‖w(vn − sn)‖L2(R) 6 C(an
n

)‖wf ′‖L2(R). (5.6)

Substituting it into (5.4), we obtain

‖ w

T 1/4 (vn − sn)‖Lp(R) 6 Ca
1
p−

1
2

n (an
n

)‖wf ′‖L2(R).

Therefore, by (5.3)

‖ w

T 1/4 (f − sn)‖Lp(R) 6 C(an
n

)‖wf ′‖Lp(R) + Ca
1
p−

1
2

n (an
n

)‖wf ′‖L2(R)

6 Ca
1
p−

1
2

n (an
n

)‖wf ′‖L2(R). (5.7)

Next, in Theorem 18 (5.2) we set q = 2 and 2 6 p 6∞. Then we have

‖ w

T 1/4 (vn(f)− sn(f))‖Lp(R) 6 ‖T
1
2 ( 1
p−

1
2 )w(vn(f)− sn(f))‖Lp(R)

6 C( n
an

)
1
2−

1
p ‖w(vn(f)− sn(f))‖L2(R).

Hence, by (5.6) we have

‖ w

T 1/4 (vn(f)− sn(f))‖Lp(R) 6 C( n
an

)
1
2−

1
p (an
n

)‖wf ′‖L2(R).

Consequently, by (5.3) we have

‖ w

T 1/4 (f − sn)‖Lp(R) 6 C(an
n

)
1
2 + 1

p ‖wf ′‖L2(R). (5.8)

Therefore, by (5.7) and (5.8) we see

‖ w

T 1/4 (f − sn)‖Lp(R) 6 C{a
1
p−

1
2

n (an
n

)‖wf ′‖L2(R) + (an
n

)
1
2 + 1

p ‖wf ′‖L2(R)}

6 C(an
n

)
1
2 + 1

p ‖wf ′‖L2(R)

{
n

1
p−

1
2 , 1 6 p < 2;

1, 2 6 p 6∞,

that is, we have the result.
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Proposition 19 ([10, Lemma 2.5]). Let 1 6 p 6∞ and w ∈ Fλ(C3+) (0 < λ < 3/2). Then there exists
a constant C > 0 such that if P ∈ Pn (n ∈ N), then we have

‖ w

T j/2P
(j)‖Lp(R) 6 C( n

an
)j‖wP‖Lp(R), j ∈ N.

And also if we assume that w ∈ Fλ(C4+) (0 < λ < 4/3), then there exists a constant C2 > 0 such that

‖wP (j)‖Lp(R) 6 C2( n
an

)j‖T j/2wP‖Lp(R), j ∈ N

holds.

Proof of Theorem 8. Let i = 0, 1, ..., r − 1. By Theorem 6 we see

‖ w

T (2i+1)/4 (f (i) − s(i)
n )‖Lp(R) 6 ‖

w

T (2i+1)/4 (f (i) − v(i)
n )‖Lp(R) + ‖ w

T (2i+1)/4 (v(i)
n − s(i)

n )‖Lp(R)

6 C(an
n

)r−i−1+ 1
p o(1)1−1/p{

∫
R
w(y)|df (r−1)|}1/p + ‖ w

T (2i+1)/4 (v(i)
n − s(i)

n )‖Lp(R).

(5.9)

We estimate the second term in (5.9). From Proposition 19 and Result 4 we have

‖ w

T (2i+1)/4 (v(i)
n − s(i)

n )‖Lp(R) 6 ( n
an

)i‖ w

T 1/4 (vn − sn)‖Lp(R) (5.10)

First, let 1 6 p < 2. By Theorem 18 (5.1) with q = 2,

‖ w

T 1/4 (vn − sn)‖Lp(R) 6 ‖w(vn − sn)‖Lp(R) 6 Ca
1
p−

1
2

n ‖w(vn − sn)‖L2(R). (5.11)

We estimate

‖w(vn − sn)‖L2(R) 6 ‖w(f − vn)‖L2(R) + ‖w(f − sn)‖L2(R).

From Lemma 17,

‖w(f − sn)‖L2(R) = E2,n(f, w) 6 Cω̃r,2(f, w, Lan
n

).

Hence, by Theorem 2 with p = 2 we see

‖w(f − sn)‖L2(R) 6 C(an
n

)r− 1
2 o(1) 1

2 (
∫
R
w(y)|df (r−1)(y)|)1/2.

This estimate also implies

‖w(f − vn)‖L2(R) 6 ‖(
1
n

2n∑
j=n+1

f − 1
n

2n∑
j=n+1

sj(f))w‖L2(R)

6
1
n

2n∑
j=n+1

‖w(f − sj(f))‖L2(R)

6
1
n

2n∑
j=n+1

C(an
n

)r− 1
2 o(1) 1

2 (
∫
R
w(y)|df (r−1)(y)|)1/2

6 C(an
n

)r− 1
2 o(1) 1

2 (
∫
R
w(y)|df (r−1)(y)|)1/2,

so that we see

‖w(vn − sn)‖L2(R) 6 C(an
n

)r− 1
2 o(1) 1

2 (
∫
R
w(y)|df (r−1)(y)|)1/2. (5.12)
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Substituting it into (5.11), we obtain

‖ w

T 1/4 (vn − sn)‖Lp(R) 6 Ca
1
p−

1
2

n (an
n

)r− 1
2 o(1) 1

2 (
∫
R
w(y)|df (r−1)(y)|)1/2. (5.13)

Next, let 2 6 p 6∞, and in Theorem 18 (5.2) we set q = 2. Then we have

‖ w

T 1/4 (vn(f)− sn(f))‖Lp(R) 6 ‖T
1
2 ( 1
p−

1
2 )w(vn(f)− sn(f))‖Lp(R)

6 C( n
an

)
1
2−

1
p ‖w(vn(f)− sn(f))‖L2(R).

Hence, by (5.12) we have

‖ w

T 1/4 (vn(f)− sn(f))‖Lp(R) 6 C( n
an

)
1
2−

1
p (an
n

)r− 1
2 o(1) 1

2 (
∫
R
w(y)|df (r−1)(y)|)1/2

6 C(an
n

)r−1+ 1
p o(1) 1

2 (
∫
R
w(y)|df (r−1)(y)|)1/2. (5.14)

Therefore, (5.13) and (5.14) mean

‖ w

T 1/4 (vn(f)− sn(f))‖Lp(R)

6 C(an
n

)r−1+ 1
p o(1) 1

2 (
∫
R
w(y)|df (r−1)(y)|)1/2

{
n

1
p−

1
2 , 1 6 p < 2;

1, 2 6 p 6∞.

Hence, from (5.10) we see

‖ w

T (2i+1)/4 (v(i)
n − s(i)

n )‖Lp(R)

6 C(an
n

)r−i−1+ 1
p o(1) 1

2 (
∫
R
w(y)|df (r−1)(y)|)1/2

{
n

1
p−

1
2 , 1 6 p < 2;

1, 2 6 p 6∞.

Substituting it for (5.9),

‖ w

T (2i+1)/4 (f (i) − s(i)
n )‖Lp(R)

6 C(an
n

)r−i−1+ 1
p o(1)1−1/p{

∫
R
w(y)|df (r−1)|}1/p

+C(an
n

)r−i−1+ 1
p o(1) 1

2 (
∫
R
w(y)|df (r−1)(y)|)1/2

{
n

1
p−

1
2 , 1 6 p < 2;

1, 2 6 p 6∞

6 C(an
n

)r−i−1+ 1
p {
∫
R
w(y)|df (r−1)|}1/p

{
o(1)1−1/pn

1
p−

1
2 , 1 6 p < 2;

o(1) 1
2 , 2 6 p 6∞.

Consequently, the proof of Theorem 8 is complete.
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A Appendix

In this appendix, we give proofs of lemmas (propositions, theorems) which are stated in previous sections.

Proof of Theorem 9

In this section we will prove Theorem 9. We use the method of [5, Lemma 3.4.4]. First, we need a lemma.
In [8, Theorem 4.2], if we put µ = ν = α = 0, β ∈ R, then we obtain the following proposition.

Proposition 20 (cf. [8, Theorem 4.2]). Let r be a positive integer, 0 < λ < (r + 2)/(r + 1) and let w =
exp(−Q) ∈ Fλ(Cr+2+). Then for β ∈ R, we can construct a new weight wβ ∈ Fλ(Cr+1+) (⊂ Fλ(C2+))
such that (1 + |Q′(x)|)βw(x) ∼ wβ on R, an(wβ) ∼ an(w) on N and Twβ (x) ∼ Tw(x) on R hold.

[A1] (Proof of Theorem 9). Since

lim
t→∞

sup Q′′(t)
Q′(t)2 6 C lim

t→∞

Q′(t)
Q(t)Q′(t)2 6 C lim

t→∞

1
Q(t)Q′(t) = 0. (A.1)

Therefore,

(Q′w)′(t) = (Q′′(t)−Q′(t)2)w(t) < 0

for large values of t, and thus, Q′w is decreasing for t large enough, that is, Q′w is bounded on R. So,
we may show (3.1) only for large positive values of x. By (A.1) we may find a constant A, whose value
will be retained during the remainder of this proof, such that Q′′(t) 6 (1/2)Q′(t)2 if t > A. Then an
integration by parts shows that for x > A,∫ x

A

w−1(t)dt =
∫ x

A

Q′(t)−1Q′(t)eQ(t)dt

6 Q′(x)−1eQ(x) +
∫ x

A

Q′′(t)
Q′(t)2w

−1(t)dt 6 Q′(x)−1eQ(x) + 1
2

∫ x

A

w−1(t)dt.

Therefore, ∫ x

A

w−1(t)dt 6 2Q′(x)w−1(x), x > A,

that is,

Q′(x)w(x)
∫ x

A

w−1(t)dt 6 2, x > A.

Since Q′(x)w(x) is bounded on R,

Q′(x)w(x)
∫ A

0
w−1(t)dt 6 C, x > A.
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Hence, we complete the proof of (3.1). To prove the second part (b) we may put γ = 0. For almost all
x > 0,

|Q′(x)w(x)g(x)| = |Q′(x)w(x)
∫ x

0
w−1(t)w(t)g′(t)dt|

6 ‖wg′‖L∞(x>0)|Q′(x)w(x)
∫ x

0
w−1(t)dt| 6 C‖wg′‖L∞(x>0)

by (3.1). This completes the proof of (3.2) in the case of p =∞. We observe that∫ ∞
0

Q′(x)w(x)|g(x)|dx 6
∫ ∞

0
Q′(x)w(x)

∫ x

0
|g′(t)|dtdx

=
∫ ∞

0
|g′(t)|

∫ ∞
t

Q′(x)w(x)dxdt =
∫ ∞

0
w(t)|g′(t)|dt.

Similarly, ∫ 0

−∞
|Q′(x)w(x)g(x)|dx 6

∫ 0

−∞
w(t)|g′(t)|dt.

This proves (3.2) in the case of p = 1. We complete the proof of other values of p by applying the
Riesz-Thorin interpolation theorem to the operator on x > 0

φ→ Q′(x)w(x)
∫ x

0
w−1(t)φ(t)dt,

and similarly, to the operator on (−∞, 0]

φ→ Q′(x)w(x)
∫ 0

x

w−1(t)φ(t)dt.

We will show (3.3). We apply Result 7 to

µ = ν = α = 0, β = 1, 2, ..., r − 1.

Let w(x) = exp(−Q(x)) ∈ F(C2+). Then there exist

Q′(x)w(x) ∼ w1(x) = exp(−Q1(x)),
Q′1(x)w1(x) ∼ w2(x) = exp(−Q2(x)),
...............

Q′r−2(x)wr−2(x) ∼ wr−1(x) = exp(−Qr−1(x)),

and

Q
(j)
i (x) ∼ Q(j)(x), i = 1, 2, ..., r − 1, j = 0, 1.

Hence we see

‖wg(r)‖Lp(R) > C1‖Q′wg(r−1)‖Lp(R) ∼ ‖w1g
(r−1)‖Lp(R)

> C2‖Q′1w1g
(r−2)‖Lp(R) ∼ ‖w2g

(r−2)‖Lp(R)

................................................

> Cr‖Q′r−1wr−1g‖Lp(R).

Here we know

Q′i(x) ∼ Q′(x), i = 1, 2, ..., r − 1,
wr−1(x) ∼ Q′r−2(x)wr−2(x) ∼ ...... ∼ Q′r−2(x)Q′r−3(x)...Q′(x)w(x),
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that is,

|Q′r−1(x)wr−1(x)| ∼ |Q′(x)|rw(x).

Consequently, we have (3.3), that is,

‖(Q′)rwg‖Lp(|x|>γ) 6 ‖Q′rwg‖Lp(R) 6 C‖wg(r)‖Lp(R).

Proofs of Theorems 11 and 12

[A2] (Proof of Theorem 11) . We see

‖w∆r
hΦt(x)(f, x)‖pLp(|x|6σ(2t))

6 ‖w∆r
hΦt(x)(f, x)‖p−1

L∞(|x|6σ(2t))‖w∆
r
hΦt(x)(f, x)‖L1(|x|6σ(2t))

6 [‖w∆r
hΦt(x)(f, x)‖L∞(|x|6σ(2t)) + ‖w(f − Pr−1,f )‖L∞(|x|>σ(4t))]p−1

×[‖w∆r
hΦt(x)(f, x)‖L1(|x|6σ(2t)) + ‖w(f − Pr−1,f )‖L1(|x|>σ(4t))]

6 ω̃p−1
r,∞ (f, w, t)ω̃r,1(f, w, t).

On the other hand, since

‖w(f − Pr−1,f )‖pLp(|x|>σ(4t)) 6 ‖w(f − Pr−1,f )‖L∞(|x|>σ(4t))]p−1[‖w(f − Pr−1,f )‖L1(|x|>σ(4t))],

we have

‖w(f − Pr−1,f )‖pLp(|x|>σ(4t))

6 [‖w∆r
hΦt(x)(f, x)‖L∞(|x|6σ(2t)) + ‖w(f − Pr−1,f )‖L∞(|x|>σ(4t))]p−1

×[‖w∆r
hΦt(x)(f, x)‖L1(|x|6σ(2t)) + ‖w(f − Pr−1,f )‖L1(|x|>σ(4t))]

6 ω̃p−1
r,∞ (f, w, t)ω̃r,1(f, w, t).

Hence,

ω̃r,p(f, w, t) 6 ω̃1−1/p
r,∞ (f, w, t)ω̃1/p

r,1 (f, w, t).

To prove Theorem 12 we use Theorem 9.

[A3] (Proof of Theorem 12). Let w ∈ Fλ(C3+), (0 < λ < 3/2). And f (r−1)(x) is continuous and has a
bounded variation on any compact interval of R. Furthermore, we suppose (1.8). We set

gr−1(x) := f (r−1)(x+ hΦt(x)/2)− f (r−1)(x− hΦt(x)/2).

We use Hölder’s inequality. Let 1
p + 1

q = 1, p, q > 1. We see

‖w∆r
hΦt(x)(f, x)‖L1(|x|6σ(2t))

=
∫
|x|6σ(2t)

|w(x)
∫ hΦt(x)/2

−hΦt(x)/2
...

∫ hΦt(x)/2

−hΦt(x)/2
gr−1(x+ t1 + ...+ tr−1)dt1...dtr−1|dx

6 C

∫
|x|6σ(2t)

∫ hΦt(x)/2

−hΦt(x)/2
...

∫ hΦt(x)/2

−hΦt(x)/2
w(x+ t1 + ...+ tr−1)

×|gr−1(x+ t1 + ...+ tr−1)|dt1...dtr−1dx

6 C

∫
|x|6σ(2t)

∫ h

−h
...

∫ h

−h
w(x+ t1 + ...+ tr−1)|gr−1(x+ t1 + ...+ tr−1)|dt1...dtr−1dx
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6 C

∫
|x|6σ(2t)

{
∫ h

−h
1qdtr−1}1/q

×{
∫ h

−h
[
∫ h

−h
...

∫ h

−h
w(x+ t1 + ...+ tr−1)|gr−1(x+ t1 + ...+ tr−1)|

×dt1...dtr−2]pdtr−1}1/pdx

6 C

∫
|x|6σ(2t)

{
∫ h

−h
1qdtr−1}1/q{

∫ h

−h
1qdtr−2}1/q

×{
∫ h

−h

∫ h

−h
[
∫ h

−h
...

∫ h

−h
w(x+ t1 + ...+ tr−1)|gr−1(x+ t1 + ...+ tr−1)|

×dt1...dtr−3]pdtr−1dtr−2}1/pdx
.........................................

6 C

∫
|x|6σ(2t)

{
∫ h

−h
1qdtr−1}1/q{

∫ h

−h
1qdtr−2}1/q....{

∫ h

−h
1qdt1}1/q

×{
∫ h

−h

∫ h

−h
...

∫ h

−h
|w(x+ t1 + ...+ tr−1)gr−1(x+ t1 + ...+ tr−1)|p

×dtr−1dtr−2...dt1}1/pdx

6 Ct(r−1)/q{
∫ h

−h

∫ h

−h
...

∫ h

−h
|w(x+ t1 + ...+ tr−1)

∫ x+hΦt(x)/2+t1+...+tr−1

x−hΦt(x)/2+t1+...+tr−1

df (r−1)(y)|p

×dtr−1dtr−2...dt1}1/pdx

6 Ct(r−1)/q
∫
|x|6σ(2t)

{
∫ h

−h

∫ h

−h
...

∫ h

−h
|
∫ x+hΦt(x)/2+t1+...+tr−1

x−hΦt(x)/2+t1+...+tr−1

w(y)df (r−1)(y)|p

×dtr−1dtr−2...dt1}1/pdx

6 Ct(r−1)/q
∫
|x|6σ(2t)

{
∫ h

−h

∫ h

−h
...

∫ h

−h
(
∫ x+hΦt(x)/2+t1+...+tr−1

x−hΦt(x)/2+t1+...+tr−1

w(y)|df (r−1)(y)|)p

×dtr−1dtr−2...dt1}1/p

6 Ct(r−1)/q
∫
|x|6σ(2t)

(
∫ x+rh

x−rh
w(y)|df (r−1)(y)|)dx{

∫ h

−h

∫ h

−h
...

∫ h

−h
dtr−1dtr−2...dt1}1/p

6 Ct(r−1)/qt(r−1)/p
∫
|x|6σ(2t)

(
∫ x+rh

x−rh
w(y)|df (r−1)(y)|)dx

6 Ctr−1
∫
|x|6σ(2t)

(
∫ x+rh

x−rh
w(y)|df (r−1)(y)|)dx.

Here we see ∫
|x|6σ(2t)

(
∫ x+rh

x−rh
w(y)|df (r−1)(y)|)dx 6

∫
R
w(y)(

∫ y+rh

y−rh
dx)|df (r−1)(y)|)

6 2rt
∫
R
w(y)|df (r−1)(y)|).

Hence we have

‖w∆r
hΦt(x)(f, x)‖L1(|x|6σ(2t)) 6 Ctr

∫
R
w(y)|df (r−1)(y)|.

By Theorem 9 we have∫ ∞
σ(4t)

|(Q′(x))r−1w(x)(f(x)− Pr−1,f (x))|dx 6 ‖w(f (r−1) − cr−1,f )‖L1(|x|>σ(4t)),
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where cr−1,f = P
(r−1)
r−1,f (x) is a constant. Now we see

Q′(σ(4t)) > C

t
. (A.2)

In fact, we write 4t = au/u, then σ(4t) = au. Hence we have

Q′(σ(4t)) = Q′(au) > C1
u
√
T (au)
au

>
C1

4t ,

that is, we have (A.2). Therefore,

∫ ∞
σ(4t)

|w(x)(f(x)− Pr−1,f (x))|dx

6 C
1

(Q′(σ(4t)))r−1 [
∫ ∞
σ(4t)

|w(x)(f (r−1)(x)− f (r−1)(σ(4t)))|dx

+
∫ ∞
σ(4t)

|w(x)(f (r−1)(σ(4t))− cr−1,f )|dx]

6 C
1

(Q′(σ(4t)))r−1 [
∫ ∞
σ(4t)

|w(x)
∫ x

0
df (r−1)(y)|dx

+
∫ ∞
σ(4t)

|w(x)(f (r−1)(σ(4t))− cr−1,f )|dx]

6 C
1

(Q′(σ(4t)))r [
∫ ∞
σ(4t)

Q′(x)w(x)
∫ x

0
|df (r−1)(y)|dx

+|f (r−1)(σ(4t))− cr−1,f |
∫ ∞
σ(4t)

Q′(x)w(x)dx]

6 C
1

(Q′(σ(4t)))r [
∫ ∞
σ(4t)

Q′(x)w(x)
∫ x

0
|df (r−1)(y)|dx+ |f (r−1)(σ(4t))− cr−1,f |w(σ(4t))]

6 Ctr[
∫ ∞

0
Q′(x)w(x)(

∫ x

0
|df (r−1)(y)|)dx+ |f (r−1)(σ(4t))− cr−1,f |w(σ(4t)]

6 Ctr[
∫ ∞

0
(
∫ ∞
y

Q′(x)w(x)dx)|df (r−1)(y)|+ |f (r−1)(σ(4t))− cr−1,f |w(σ(4t)]

6 Ctr[
∫ ∞

0
w(y)|df (r−1)(y)|+ |f (r−1)(σ(4t))− cr−1,f |w(σ(4t))]

6 Ctr
∫ ∞

0
w(y)|df (r−1)(y)|

for t small enough. Similarly,

∫ −σ(4t)

−∞
|w(x)(f(x)− Pr−1,f (x))|dx 6 Ctr

∫ 0

−∞
w(y)|df (r−1)(y)|.

Therefore, we have the result for ω̃r,1(w, f, t).
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Next we give the estimate for ω̃r,∞(w, f, t). Using the calculation of the proof of the above L1 case,
we have for any ε > 0 there exists L > 0 large enough such that

‖w∆r
hΦt(x)(f, x)‖L∞(L6|x|6σ(2t))

6 C{
∫ h

−h
1qdtr−1}1/q{

∫ h

−h
1qdtr−2}1/q....{

∫ h

−h
1qdt1}1/q

×{
∫ h

−h

∫ h

−h
...

∫ h

−h
sup
L6|x|

|w(x+ t1 + ...+ tr−1)gr−1(x+ t1 + ...+ tr−1)|p

×dtr−1dtr−2...dt1}1/pdx

6 Cεt(r−1)/q{
∫ h

−h

∫ h

−h
...

∫ h

−h
dtr−1dtr−2...dt1}1/pdx

6 Cεtr−1,

and

‖w∆r
hΦt(x)(f, x)‖L∞(|x|6L) 6 Ctr−1 sup

|x|6L

∫
|x|6σ(2t)

(
∫ x+rh

x−rh
w(y)|df (r−1)(y)|)dx

6 Cεtr−1.

On the other hand, from Theorem 9 we easily see

|(Q′(x))r−1w(x)(f(x)− Pr−1,f (x))| 6 C‖w(f (r−1)(x)− cr−1,f )‖L∞(|x|>σ(4t)).

Hence, when |x| > σ(4t),

|w(x)(f(x)− Pr−1,f (x))| 6 C
1

(Q′(σ(4t)))r−1 ‖w(f (r−1) − cr−1,f )‖L∞(|x|>σ(4t))

= Ctr−1o(1), as t→ 0.

Here we use the fact that under the condition of (1.8) we see lim|x|→∞ w(x)(f (r−1)(x)− cr−1,f ) = 0 (see
Lemma 10). Therefore, we have the result.

Proofs of Theorem 14 and Corollaries 15 and 16

To prove Theorem 14 we need the following lemma.

Lemma 21 (cf. [12, Proposition 3.3]). Let 1 6 p 6 ∞ and w ∈ Fλ(C3+) (0 < λ < 3/2) satisfy (1.2).
Then for every absolutely continuous g with wg′ ∈ Lp(R) and for any n ∈ N, there exists a polynomial
Vn ∈ P2n such that V ′n = vn(g′) and

‖w(g − Vn)‖Lp(R) 6 CEp,n(T 1/4w, g′) (A.3)

holds, where vn(g′) is the de la Vallée Poussin mean of g′.

Proof. We only repeat the proof of [12, Proposition 3.3]. We need, however,

‖w(g′ − vn(g′))‖Lp(R) 6 CEp,n(T 1/4w, g′)

instead of [12, (3.12) in the proof of Proposition 3.3], that is,

‖w(g′ − vn(g′))‖Lp(R) 6 CT 1/4(an)Ep,n(w, g′).

In fact, (A.1) follows from Result 1 (1.4).
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[A4] (Proof of Theorem 14). We find a polynomial Vn−1 as in Lemma 21, so that V ′n−1 = vn−1(f ′). Then,
from Result 1 (1.3) and Proposition 19 we get

‖ w

T 1/2 (f ′ − P ′)‖Lp(R)

6 ‖ w

T 1/2 (f ′ − vn−1(f ′))‖Lp(R) + ‖ w

T 1/2 (V ′n−1 − P ′)‖Lp(R)

6 C{Ep,n−1(f ′) + n

an
‖w(Vn−1 − P )‖Lp(R)}.

Here, by Lemma 21 and (4.1) we see

‖w(Vn−1 − P )‖Lp(R) 6 ‖w(f − Vn−1)‖Lp(R) + ‖w(f − P )‖Lp(R)

6 C
an
n
Ep,n−1(T 1/4w, f ′) + ε.

Hence, for i = 1 we have (4.2), that is,

‖ w

T 1/2 (f ′ − P ′)‖Lp(R) 6 CEp,n−1(T 1/4w, f ′) + n

an
ε. (A.4)

If in (A.4) we replace w and ε with

w → w−1/2 ∼ T−1/2w and ε→ CEp,n−1(T 1/4w, f ′) + n

an
ε,

respectively (note Result 4), then

‖w
T

(f ′′ − P ′′)‖Lp(R) 6 CEp,n−2(T−1/4w, f ′′) + n− 1
an−1

(CEp,n−1(T 1/4w, f ′) + n

an
ε)

6 C{Ep,n−2(T 1/4w, f ′′) + ( n
an

)2ε},

that is, we have (4.2) with i = 2. We may continue this method. So, inductively we have (4.2) with
i = 1, 2, ..., r, that is,

‖ w

T i/2 (f (i) − P (i))‖Lp(R) 6 C{Ep,n−i(T 1/4w, f (i)) + ( n
an

)iε}.

In particular, if

‖w(f − P )‖Lp(R) 6 CEp,n(T 1/4w; f),

then by (4.2) and Result 5,

‖ w

T i/2 (f (i) − P (i))‖Lp(R) 6 CEp,n−i(T 1/4w, f (i)) + C( n
an

)iEp,n(T 1/4w; f)

6 CEp,n−i(T 1/4w, f (i)) + CEp,n−i(T 1/4w; f (i))

6 CEp,n−i(T 1/4w; f (i)) 6 C(an
n

)r−iEp,n−r(T 1/4w; f (r)),

that is , we have (4.3).

[A5] (Proof of Corollary 15). From (4.4) we have

‖ w

T 1/4 (f − P )‖Lp(R) 6 ε.

Let T−1/4w ∼ w∗ ∈ F(C2+) (see Result 4). Then, applying Theorem 14 with w∗, we have (4.5), that is,

‖ w

T (2i+1)/4 (f (i) − P (i))‖Lp(R) 6 C{Ep,n−i(w, f (i)) + ( n
an

)iε}.
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In particular, if

‖w(f − P )‖Lp(R) 6 CEp,n(w; f),

then by (4.5) and Result 5,

‖ w

T (2i+1)/4 (f (i) − P (i))‖Lp(R) 6 CEp,n−i(w, f (i)) + C( n
an

)iEp,n(w; f)

6 CEp,n−i(w, f (i)) 6 C(an
n

)r−iEp,n−r(w; f (r)),

that is, we have (4.7).

[A6] (Proof of Corollary 16). Noting (4.8), we set

‖T i/2w(f − P )‖Lp(R) = εi 6 ε, i = 1, 2, ..., r.

By Result 4 there is a weight wi such as T i/2w ∼ wi ∈ F(C2+). Now we apply Theorem 5 with wi, then
from (4.2) we have (4.9), that is,

‖w(f (i) − P (i))‖Lp(R) 6 C{Ep,n−i(T (2i+1)/4w, f (i)) + ( n
an

)iεi}.

In particular, if (4.10) holds, then for i = 1, 2, ..., r,

‖T i/2w(f − P )‖Lp(R) 6 CEp,n(T r/2w; f),

and by (4.9) and Result 5,

‖w(f (i) − P (i))‖Lp(R) 6 C(an
n

)r−iEp,n−r(T (2r+1)/4w; f (r)),

that is, we have (4.11).

To prove Theorem 18 we need some lemmas. We define

ϕu(x) =

 au
u

1− |x|a2u√
1− |x|au +δu

, |x| 6 au;

ϕu(au), au < |x|,
δu = {uT (au)}−2/3, u > 0.

Lemma 22 ([8, Lemma 3.4]). We have

an
n

1√
T (x)

ϕ−1
n (x) 6 C.

We define Lp-type Christoffel function λn,p(w;x) by

λn,p(w;x) := inf
P∈Pn

∫ ∞
−∞
|w(t)P (t)|pdt/|P (x)|p.

Lemma 23 ([4, Theorem 9.3 (c)]). Let w ∈ F(C2+). Let 0 < p <∞.
(a) Let L > 0. Then uniformly for n > 1 and |x| 6 an(1 + Lηn), we have

λn,p(w;x) ∼ ϕn(x)wp(x).

(b) Moreover, uniformly for n > 1 and x ∈ R,

ϕn(x)wp(x) 6 Cλn,p(w;x).

Now the proof of the theorem is simple.
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[A7] Proof of Theorem 18. The equation (5.1) follows from [4, Theorem 10.3]. We show (5.2). By Result
4 we can replace T

1
2 ( 1
q−

1
p ) with wα/2 ∈ F(C2+), where α := 1

q −
1
p . Let 1 6 q < p.

‖T−α/2wP‖pLp(R) =
∫ ∞
−∞
|T−α/2(t)w(t)P (t)|pdt

=
∫ ∞
−∞
|T−pα/2(t)||w(t)P (t)|p−q|w(t)P (t)|qdt

6
∫ ∞
−∞
|T−qα/2(t)||w(t)P (t)|p−q|w(t)P (t)|qdt

=
∫ ∞
−∞
|T
−α/2(t)w(t)P (t)
T
α
2

q
p−q (t)

|p−q|w(t)P (t)|qdt

6 ‖ |T
−α/2wP |p√

T
‖
p−q
p

L∞(R)‖wP‖
q
Lq(R), (A.5)

because of αpq/(p− q) = 1. Here we use some numbers and functions with the weight T−α/2 ∼ w∗ :=
w−α/2 ∈ F(C2+). And they are MRS-numbers a∗n and the functions T ∗(x), ϕ∗n(x). We see Lp−type
Christoffel functions λn,p(w∗;x). By Lemmas 22 and 23 we have

|T−α/2(t)w(t)P (t)|p√
T (t)

6 C
w∗(t)p√
T ∗(t)

λ−1
n,p(w∗; t)‖w∗P‖

p
Lp(R)

6 C
1√
T ∗(t)

ϕ∗n
−1(t))‖w∗P‖pLp(R)

6 C( n
a∗n

)‖w∗P‖pLp(R) 6 C( n
an

)‖T−α/2wP‖pLp(R). (A.6)

Substituting (A.6) into (A.5), we have

‖T−α/2wP‖pLp(R) 6 C{( n
an

)‖T−α/2wP‖pLp(R)}
p−q
p ‖wP‖qLq(R)

= C( n
an

)
p−q
p ‖T−α/2wP‖p−qLp(R)‖wP‖

q
Lq(R).

So

‖T−α/2wP‖qLp(R) 6 C( n
an

)
p−q
p ‖wP‖qLq(R),

that is,

‖T−α/2wP‖Lp(R) 6 C( n
an

)
1
q−

1
p ‖wP‖Lq(R).

Consequently, we have the result (5.2).
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