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Abstract S-metric spaces are introduced as a generalization of metric spaces. In this paper, we
present some common fixed point theorems about four mappings using the notion of compatible
mappings on complete S-metric spaces. We give illustrative examples to verify the obtained result.
The results not only directly improve and generalize some fixed point results in S-metric spaces,
but also expand and complement some previous results.
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1 Introduction and Preliminaries

Banach’s contraction mapping principle in metric spaces is the most well-known result in the theory of
fixed points. When the fixed point theorem was proved by Banach[1] in 1922 for a contraction mapping
in a complete metric space, scientists around the world are publishing new results that are connected
either to establish a generalization of metric space or to get an improvement of contractive condition.
In addition, with the improvement of Banach’s contractive conditions, metric spaces are more and more
important in mathematics and applied sciences. So, some authors have tried to give generalizations of
metric spaces in other spaces, such as 2-metric spaces, cone metric spaces, b-metric spaces, G-metric
spaces, D-metric spaces and others[2]-[4]. One of the generalizations of metric spaces is given in the paper
of Sedghi et al. [5]. They introduced a notion of S-metric spaces and gave some of their properties. For
more details on S-metric spaces, one can refer to the paper|[7]-[16].

The object of this paper is to get some common fixed point results in the complete S-metric spaces,
which were inspired by [14] and [15].

First,The notion of S-metric spaces is defined as follows.

Definition 1.1. (See [5]) Let X be a nonempty set. A function S : X3 — [0,00) is said to be an S-metric
on X, if for each x,y,z,a € X:

(S1) S(z,y,2) > 0;
(S2) S(z,y,2z) =0 if and only if v =y = z;
(S3) S(x,y,2) < S(x,z,a) + S(y,y,0) + (=, 2,a).

The pair (X, S) is called an S-metric space.

Example 1.2. (See [5]) Let X = R? and d be an ordinary metric on X. Put S(x,y,z) = d(z,y) +
d(z,2) +d(y, z) for all z,y,z € R%, that is, S is the perimeter of the triangle given by x,y,z. Then S is
an S-metric on X.

Definition 1.3. (See [6]) Let X be a nonempty set. A B-metric on X is a function d : X? — [0, 00) if
there exists a real number b > 1 such that the following conditions hold for all x,y,z € X :

(B1) d(z,y) =
(Bz) d(z,y) = d(y,z);
(Ba) d(x.2) < bld(x.) + d(y, 2)].

The pair (X,d) is called a B-metric space.

=0 if and only if x = y;
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Proposition 1.4. (See [7]) Let (X, S) be an S-metric space and let

d(x,y) = Sz, z,y) (1)
for all x,y € X. Then we have

(1) d is a B-metric on X;
(2) 2 = x in (X, S) if and only if v, — x in (X,d);
(3) {xn} is a Cauchy sequence in (X, S) if and only if {z,} is a Cauchy sequence in (X, d).

Proposition 1.5. (See [7]) Let (X, S) be an S-metric space. Then we have

(1) X is first-countable;
(2) X is reqular.

Remark 1.6. By Propositions 1.4 and 1.5 we have that every S-metric space is topologically equivalent
to a B-metric space.

Lemma 1.7. (See [5]) Let (X,S) be an S-metric space. Then the convergent sequence {xp} in X is
Cauchy.

Definition 1.8. (See [8]) Let (X, S) be an S-metric space and A C X.

(1) If for every x € X there exists v > 0 such that Bs(x,r) C A, then the subset A is called an open
subset of X.

(2) Subset A of X is said to be S-bounded if there exists r > 0 such that S(x,z,y) <r for all z,y € A.

(3) A sequence {x,} in X convergent to x if and only if S(x,,xn,x) — 0 as n — oco. That is, for
each € > 0, there exists ng € N such that for each n > ng, S(xn,zn,z) < € and we denote by
lim,, yoo T, = .

(4) A sequence {z,} in X is called a Cauchy sequence if for each € > 0, there exists ng € N such that
for each n,m >0, S(p, Ty, Tm) < €.

(5) The S-metric space (X, S) is said to be complete if every Cauchy sequence is convergent.

(6) Let T be the set of all A C X witch x € A if and only if there exists r > 0 such that By(z,r) C A.
Then T is a topology on x.

Lemma 1.9. (See [8]) Let (X,S) be an S-metric space. If there exist the sequences {x,}, {yn} such
that lim,, oo T, = ¢ and lim, o0 Y = y, then lim, o S(zn, Tn, yn) = S(x, z,y).

Lemma 1.10. (See [9]) Let (X,S) be an S-metric space. Then S(x,x,z) < 2S5(z,x,y) + S(y,y, 2) and
S(x,z,2) < 2S(x,z,y) + S(z,2,y) for all x,y,z € X. Also, S(x,x,y) = S(y,y,x) for all x,y € X by
[10].

Definition 1.11. (See [14]) Let (X,S) and (X',S’) be two S-metric spaces. A function f : (X,S) —
(X,, S/) is said to be continuous at a point a € X if for every sequence {x,} in X with S(xp,xn,a) = 0,

’

S (f(zn), f(zn), f(a)) = 0. We say that f is continuous on X if f is continuous at every point a € X.

Definition 1.12. (See [15]) Let (X, S) be an S-metric space. A pair (f,g) is said to be compatible if and
only if limy, 00 S(f9Zn, fgTn, gfTn) = 0, whenever {z,} is a sequence in X such that lim, . fa, =
limy, oo gxy, =t for some t € X.

Lemma 1.13. (See [15]) Let (X, S) be an S-metric space. If there exists two sequences x,, and y, such

that imy, 00 S(Zn, Tn, yn) = 0, whenever x,, is a sequence in X such that lim, o, , =t for somet € X;
then lim,, o0 Yn = t.
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2 Main Results

In this section, we have proved some common fixed point theorems in S- metric spaces. Let @ denote

o0
the class of all functions ¢ : Rt — R™ such that ¢ is nondecreasing, continuous and > ¢"(t) < oo for

n=1
all ¢t > 0. It is clear that ¢ (t) — 0 as n — oo for all ¢ > 0 and hence, we have ¢(t) < ¢ for all t > 0.

Theorem 2.1. Let (X,S) be a complete S-metric space and let A,B,U,T : X — X be mappings
satisfying the following conditions:

(i) A(X) CU(X), B(X) C T(X);

(i1) U and T are continuous;

(#i1) the pair (A,T) and (B,U) are compatible;

(i) for all x,y,z € X, there exists a function ¢ € P and 0 < ky, ko, ks < 1 such that

S(Ax, Ay, Bz) < ¢(max{S(Tz, Ty, Uz), k1S(Azx, Az, Tz),
kaS(Bz,Bz,Uz), k3S(Ay, Ay, Bz)}). (2)

Then the maps A, B,U and T have a unique common fized point.

Proof. Let xy € X be arbitrary point of X. From condition (i) we can construct a sequence {y,} in X
as follows:

Yon = Axon = UZont1, Yant+1 = Broni1 = Taani2, n > 0.
Now, we show that {y,} is a Cauchy sequence. Let d,,+1 = S(Yn, Yn, Yn+1). Then we have

don+1 = S(Y2n, Y2n, Yon+1)
= S(Azapn, Axop, Bxoyy1)
< ¢p(max{S(Txan, Txon, Utont1), k1S(Azan, Azon, TTap),
koS(Bxaont1, Bropt1, Utant1), k3sS(Axayn, Axay, Bxoni1)})
= p(max{S(yan—1,Y2n—1,Y2n), 1S (Y2n: Y2n, Y2n—1),
k2S(y2n+1, Y2n+1, Y2n), K35 (Y2n, Y2n, Yon+1)})
= ¢(max{dan, k1don, kadoni1, ksdont1})-

Thus dap+1 < ¢(da2y,). By similar arguments we have,

don = S(Y2n—1,Y2n—1,Y2n)

= S(y2n, Yan, Y2n—1)

= S(Axaoyn, Axay, Broy—1)

< ¢(max{S(Txaon, Txon, Uton_1), k1S (Axan, Axon, Txap),
kaS(Bxapn—1, Bron—1,Uxan_1), ks S(Axayn, ATapn, Bran-1)})

= ¢p(maz{S(y2n—1,Y2n—1,Y2n—2), k1.5 (Y2n, Y2n: Y2n—1),
koS (yan—1,Y2n—1,Y2n—2), k35 (Y2n, Y2n, Y2n—-1)})

= ¢(max{daon_1, k1don, kadan_1, ksdan }).

Thus day, < ¢(dan—1). Hence, for all n > 2, we have,

S(ynvyn7yn+1) S (ZS(S(ynfhynfluyn))
< ¢2(S(yn72ayn727yn71))

<" (S (Y1, y1,92))-
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By Lemma 1.10 , for m > n we have

S(ynvynvym) S QS(ynvynaynJrl) + S(ynJrl»ynJrlvym)
< Q[S(ynyymyn-&-l) + S(yn+1ayn+17yn+2)} + S(yn+27yn+zvym)
<23 SWiyi Yit1) + S Um—1, Ym—1:Ym)
< 200" (S(y1, y1,52)) + " (S(W1, 1, 92)) + -+ "2 (S(W1, v1,42))]
m—2
=2 > ¢ (S(y1,y1,92))-
i=n—1

Since Y ¢™(t) < oo for all t > 0, s0 S(Yn, Yn, Ym) — 0 as n — oco. Therefore, for each € > 0, there exists
n=1

ng € N such that for each n,m > ng, S(Yn,Yn,Ym) < €. Hence, {y,} is a Cauchy sequence in X. Since
X is a complete S-metric space, there exists u € X such that

lim Azg, = lim Uxopy1 = lim Bzopir = lim Txopio = u.
n— oo n— o0 n— oo n— oo

Since T is continuous, so we have

lim T2x2n+2 =Tu and lim TAxs, = Tu.
n—oo n— oo

And since (A, T) is compatible, then lim,,_,, S(AT 22, ATx2,, T Axs,) = 0. So by Lemma 1.13, we have
lim,, oo ATxo,, = Tu.
Suppose that Tu # u, by condition (2), we obtain

S(ATSCQn, AT(I?Qn, B$2n+1)
< ¢p(max{S(T?xan, T*xon, Uzoni1), k1S(ATxoy, ATy, TT2,),
k2 S(Bxont1, Brapy1, Utantt), k3S(ATx2,, AT %o, Broni1)})- (3)

Taking the upper limit as n — oo in (3), we get

S(Tu, Tu,u) < p(max{S(Tu, Tu,u),0,0,k3S(Tu, Tu,u)})
= ¢(S(Tu, Tu,u)).

Hence, S(Tu, Tu,u) < ¢(S(Tu, Tu,u)) < S(Tu,Tu,u), which is a contradiction. So, Tu = u.
Similarly, since U is continuous, we obtain that

lim U2x2n+1 =Uu and lim UBxs,41 = Uu.
n—o0 n—oo

And since (B, U) is compatible, then lim,, o, S(BUz2,+1, BU%2p41,UBxa,t1) = 0. So by Lemma 1.13,
we have lim,, oo BUz2,4+1 = Uu.
Suppose that Uu # u, by condition (2), we obtain

S(Axgp, Axop, BUxop 1)
< ¢(max{S(Txon, Tron, U2132n+1)7 k1S(Azon, Aoy, Txay),
k2S(BUzoy41, BUT2p 11, UTon41), k3S(Aay, ATan, BUZoy11)}). (4)

Taking the upper limit as n — co in (4), we get

S(u,u, Ru) < ¢(max{S(u,u,Uu),0,0, k35 (u,u, Uu)})
= ¢(S(u,u, Uu)).
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Consequently, S(u,u, Uu) < ¢(S(u,u, Uu)) < S(u,u, Uu), which is a contradiction. So, Uu = u. Hence,
we have Tu = Uu = .
Also, we can apply condition (2) to obtain

S(Au, Au, Bxap+1) < ¢(max{S(Tu, Tu, Uzapi1), k1.S(Au, Au, Tu),
kyS(Bxant1, Bropy1, Urantt), k3S(Au, Au, Bxayy1)}). (5)

Taking the upper limit as n — oo in (5), we have

S(Au, Au,u) < p(max{S(Tu, Tu,u), k1.5(Au, Au, Tu),
kaS(u,u,u), ks S(Au, Au,u)})
< max{ky, k3}S(Au, Au,u).
if Au # u, then this implies that max{k1, k3} > 1, which is a contradiction. Hence, from ¢(t) < ¢ for all
t > 0, we have Au = u.
Finally, by using of condition (2), we get
S(u,u, Bu) = S(Au, Au, Bu)
< p(max{S(Tu, Tu,Uu), k1 S(Au, Au, Tu),
koS (Bu, Bu,Uu), k3S(Au, Au, Bu)})
< max{ks, k3}S(u,u, Bu).
if Bu # u, then this implies that max{ks, k3} > 1, which is a contradiction. Hence, from ¢(t) < t for all
t > 0, we have Bu = u.
Thus, we have Tu = Uu = Au = Bu = u, that is, u is a common fixed point of A, B,U and T.
Suppose that p is another common fixed point of A, B,U and T, that is, p = Ap = Bp = Up = T'p.
If u # p, then by condition (2), we have that
S(u,u,p) = S(Au, Au, Bp)
< ¢p(max{S(Tu, Tu,Up), k1S (Au, Au, Tu),
koS(Bp, Bp,Up), k3S(Au, Au, Bp)})
= (b(maa?{S(u, U/ap>7 le(U, U, ’LL), k2S(pap7p)a kgS(U, U,p)})
< 9(S(u,u,)).

Hence, S(u,u,p) < ¢(S(u,u,p)) < S(u,u,p), which is a contradiction. Hence, u = p. Therefore, u is a
unique common fixed point of A, B,U and T'. This completes the proof. O

Remark 2.2. Theorem 2.1 of this paper extends Theorem 2.1 of [14] from two mappings to four mappings
and changes condition from closed subset to continuous and strengthens condition from weakly compatible
to compatible. And it’s worth noting that Theorem 2.1 of this article is a further extension of Theorem
2.2 of [15].

Remark 2.3. if x =y in (2) of Theorem 2.1, and by (1), then we have
S(Ay, Ay, Bz) = d(Ay, Bz) < ¢(max{d(Ty,Uz), k1d(, Ay, Ty), ked(Bz,Uz), k3d(Ay, Bz)}).

Corollary 2.4. Let (X,S) be a complete S-metric space and let A,U : X — X be two mappings such
that
(1) A(X) CU(X);
(i) U is continuous;
(#91) the pair (A,U) is compatible;
(iv) for all x,y,z € X, there exists a function ¢ € ¢ and 0 < ki, ko, k3 < 1 such that

S(Azx, Ay, Az) < ¢(max{S(Uxz,Uy,Uz), k1 S(Azx, Az, Ux),

kaS(Az, Az, Uz), ks S(Ay, Ay, Az)}).
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Then A and U have a unique common fized point in X .

Proof. 1f we take A = B and U = T in Theorem 2.1, then Theorem 2.1 follows that A and U have a
unique common fixed point. O

Corollary 2.5. Let (X,S) be a complete S-metric space and let A,B,: X — X be two mappings such
that

S(Az, Ay, Bz) < ¢(maz{S(x,y,Uz), k1S(Ax, Az, ), ke S(Bz, Bz, z), ks S(Ay, Ay, B2)}).
Then A and B have a unique common fixed point in X .

Proof. 1f we take U and T as identity mappings on X, then Theorem 2.1 follows that A and B have a
unique common fixed point. O

Theorem 2.6. Let (X,S) be a complete S-metric space and let A, B,U,T : X — X be mappings

satisfying the following conditions:

(i) A(X) C U(X), B(X) C T(X);

(#9) U and T are continuous;

(791) the pair (A,T) and (B,U) are compatible;

(iv) for all x,y,z € X, there exists a function ¢ € & and 0 < ky,ka, k3 < 1 and p,q € N such that

S(APx, APy, Biz) < ¢p(max{S(Txz,Ty,Uz), k1 S(APz, APz, Tx),

koS(B%z,B1%z,Uz), ks S(APy, APy, Blz)}). (6)

Then the maps A, B,U and T have a unique common fized point.

Proof. (i) When p = ¢ = 1, we have Au = Bu = Uu = Tu = u, u is a unique common fixed point of
A,B,U and T.

(ii) If one of p and ¢ is not equal to 1. Similar to Theorem 2.1, we can prove that AP, B?, U and T
have a unique common fixed point u, that is, APu = B%u = Uu = Tu = u. Now, we should prove wu is
unique common fixed point of A, B,U and T'. Indeed,

AP(Au) = APy = A(APu) = Au = A(Tu) = T(Au).
So, Au is a common fixed point of AP and T'. Suppose that Au # u, and

S(Au, Au,u) = S(Au, Au, Blu)
= S(AP(Au), AP(Au), Blu)
< ¢p(max{S(T(Au), T(Au),Uu), k1 S(AP(Au), AP (Au), T(Au)),
k2S(Bu, Blu,Uu), ks S(AP (Au), AP(Au), Bu)})
= ¢(max{S(Au, Au,u), k1 S(Au, Au, Au),
kaS(u,u,u), ks S(Au, Au,u)})
< ¢(S(Au, Au,u)).

Hence, S(Au, Au,u) < ¢(S(Au, Au,u)) < S(Au, Au,u), which is a contradiction. It means that Au = u.
And,

BY(Bu) = B""'w = B(B%) = Bu = B(Uu) = U(Bu).
Thus, Bu is a common fixed point of B? and U. Suppose that Bu # u, and
S(u,u, Bu) = S(APu, APu, BY(Bu))
< ¢p(max{S(Tu, Tu,U(Bu)), k1S(APu, APu,Tu),
k2S(BY(Bu), BY(Bu),U(Bu)), k3S(APu, APu, BY(Bu))})
koS(Bu, Bu, Bu), k3S(u,u, Bu)})
< ¢(S(u, u, Bu)).
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Hence, S(u,u, Bu) < ¢(S(u,u, Bu)) < S(u,u, Bu), which is a contradiction. It means that Bu = u.
Therefore, Au = Bu = Uu = Tu = u. Thus, u is a unique common fixed point of A, B,U and T. This
completes the proof. O

Remark 2.7. if x =y in (6) of Theorem 2.6, and by (1), then we have
S(APy, APy, Blz) = d(APy, Bz) < ¢(maz{d(Ty,U=z), k1d(, APy, Ty),
kod(Bi2,Uz), k3d(APy, Biz)}).
Corollary 2.8. Let (X,S) be a complete S-metric space and let A, B,U,T : X — X be mappings
satisfying the following conditions:
(i) A(X) CUX), BX) € T(X);
(#3) U and T are continuous;
(#i1) the pair (A,T) and (B,U) are compatible;
(i) for all x,y,z € X, there exists a function ¢ € P and 0 < ki, ko, ks < 1 and p € Nsuch that
S(APz, APy, BPz) < ¢p(max{S(Txz,Ty,Uz), k1 S(APx, APz, Tx),
koS(BPz, BPz,Uz), k3 S(APy, APy, BPz)}).
Then the maps A, B,U and T have a unique common fized point.
Proof. Let p = g and the process of proof is similar to the proof of Theorem 2.6. 0
Theorem 2.9. Let (X,S) be a complete S-metric space and let A,B,U,T : X — X be mappings
satisfying the following conditions:
(i) A(X) CU(X), B(X) C T(X);
(#1) U and T are continuous;
(#i1) the pair (A,T) and (B,U) are compatible;
() for all x,y,z € X, there exists a function ¢ € ¢ and 0 < ki, ko < 1 such that
S(Az, Ay, Bz) < ¢p(max{S(Tx,Ty,Uz), k1S(Azx, Tz, Tx), kaS(Bz,Uz,Uz)})
Then the maps A, B,U and T have a unique common fixed point.
Proof. Let xy € X be arbitrary point of X. From condition (i) we can construct a sequence {y,} in X
as follows:
Yon = Ax?n - Ux2n+17 Yon+1 = Bx2n+1 - Tx2n+2a n Z 0.
Now, we show that {y,} is a Cauchy sequence. Let d,,+1 = S(Yn, Yn, Yn+1). Then we have
dont1 = S(Y2n, Y2n, Y2n+1)
= S(Awan, Avopn, Brani1)
< o(max{S(Txon, Txon, Utany1), k1S(Azon, Tron, Tray),
koS(Bxany1, Uzany1, Uzany1)})
= ¢(max{S(yan—1,Y2n—1, Y2n), k1.5 (Y2n, Y2n—1,Y2n—1),
k2S(Yan+1, Yan, Yan)})
= qb(max{dgn, kidan, k2d2n+1})~

Thus dap+1 < ¢(da2y,). By similar arguments we have,

don = S(Y2n—1,Y2n—1,Y2n)

= S(Y2n; Y2n, Y2n—1)

= S(Axoyn, Axoy, Bray_1)

< p(max{S(Txan, Txon, Utan-1), k1.S(Azapn, TTopn, T22y),
koS(Bxon—1,Uxan—1,UZopn-1)})

= ¢p(max{S(yan—1,Y2n—1,Y2n—2), k15 (Yon, Y2n—1,Y2n-1),
koS (Y2n—1,Y2n—2,Y2n—2)})

= ¢(maz{dan,—1, k1dan, kadan_1}).
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Thus da, < ¢(don—1)-
The process of next proof is similar to the proof of Theorem 2.1. O

Theorem 2.10. Let (X,S) be a complete S-metric space and let A,B,U,T : X — X be mappings

satisfying the following conditions:

(i) A(X)C U(X), B(X) C T(X);
(i1) U and T are continuous;

(79t) the pair (A,T) and (B,U) are compatible;

(i) for all x,y,z € X, there exists a function ¢ € P and 0 < k1,ka <1 and p,q € N such that

S(APz, APy, Biz) < ¢p(max{S(Txz,Ty,Uz), k1 S(APx, Tx,Tx), ko S(Bl2,Uz,Uz)})
Then the maps A, B,U and T have a unique common fized point.
Proof. The proof is similar to the proof of Theorem 2.6. [

Corollary 2.11. Let (X,S) be a complete S-metric space and let A, B,U,T : X — X be mappings
satisfying the following conditions:

(i) A(X) C U(X), B(X) C T(X);

(#3) U and T are continuous;

(iit) the pair (A,T) and (B,U) are compatible;

(i) for all x,y,z € X, there exists a function ¢ € ® and 0 < k1,ka <1 and p € N such that

S(APx, APy, BPz) < ¢(max{S(Tx,Ty,Uz), k1 S(APx, Tx,Tx), keS(BP2,Uz,Uz)})
Then the maps A, B,U and T have a unique common fized point.

Example 2.12. Let X = [0,1] and (X,S) be a complete S-metric space. For any x,y,z € X, define
S(z,y,2) = |z — z| + |y — 2| and mappings A, B,U,T: X - X on X by
x x x
ST V=3
Then, it is easy to see that A(X) CU(X) and B(X) C T(X). Moreover, the pair (A,T) and (B,U) are
compatible mappings.
Also, for all z,y,z € X, we have

S(Az, Ay, Bz) = |Ax — Bz| + |Ay — Bz|

.z z+|y z
- '16 8 16 8
1lx =z 1y =z
=il el

IN

3 3

1\Tm—Rz\ + Z\Ty—Rz|

< STz, Ty,Uz)

< ¢p(max{S(Tz,Ty,Uz), k1 S(Ax, Az, Tx),
kQS(BZ,BZ,UZ),kgS(Ay,Ay,BZ)}),

where 0 < ky, ko, ks < 1. Therefore, all the conditions of Theorem 2.1 are satisfied and 0 is the unique
common fixed point of A, B,U and T.

3 Conclusion

In this paper, we established some common fixed point theorems about two pair maps in S-metric space.
The presented theorems extend, generalize and improve many existing results in S-metric spaces in the
literature. Our results differ from those in the literature and they may be the motivation to other authors
for extending and improving these results to be suitable tools for their applications.
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