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Abstract In this paper, we study the stability of the solutions to the initial boundary value
problem of a semi-linear wave equation with damping vit + ve + f(vz) = Vsze, on a half line R.
We show that the solution to the initial-boundary value problem exists as a whole provided that
initial datas ||(vo — ¥)(z)||y + |[vi(x)]|, and the strength of wave § = |vy —v_| are sufficiently
small, In addtion, when the time is sufficiently large, the solution converges to the diffuse wave
6(\/%) at a certain speed, where 17(\/%) is a self-similar solution of one dimension equation

t
1 9%£(8)

Ut + Co”lﬁ = ﬁzzav(ioo7t) =v4,v4 # v—,with Co = 27 09€2 le=o
? =
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1 Introduction

In this paper,we consider the initial-boundary value problem of a semi-linear wave equation with damping
Ut + Vg +f(va:) = Uzx, (11)

with the initial datas
v(x,0) = vo(z), ve(x,0) =v1(x), (1.2)

where (z,t) € Ry x Ry; f is a given smooth function with f(0) = f/(0) = 0; and the initial datas have
limits at infinity, that is,

v(0,0) =v_, v (400,0) =vy, v1(0,0)=v1(+00,0)=0.
where v4 are given unequal positive constants, and the boundary condition
v (0,t) = v_ (1.3)

In this paper, we concern about the asymptotic stability of diffusion wave of the initial-boundary
value problem of a semi-linear wave equation with damping. From Darcy’s law and asymptotic analyses,
it is well known that the left of (1.1) decays faster than the right. Generally speak, the corresponding
solution shows some decay properties in large time behavior, when an evolution equation has a damping
term. Especially when the end states is v_ # vy, it is usually accompanied by this wave phenomenon. In
other words, the solution of the evolution equation may tends to a diffusion wave as the time t — 4oc.
In fact, many authors have confirmed this conclusion. For the Cauchy problem, In [7], Hsiao and Liu
firstly proved that the asymptotic behavior of the solution of a hyperbolic conservation equation with
damping on the nonlinear diffusion wave under some smallness conditions; Nishihara [6] obtained a
better convergence rate in L? and L™ norm about the same problem. Zhao showed that for a certain
class of given large initial data, the p-system with frictional damping admitted a unique global smooth
solution and such a solution tended time-asymptotically in [5], at the LP(2 < p < oo) decay rates to
the corresponding nonlinear diffusion wave. For n-dimension case, Huang, Mei and Wang [4] studied the
n-dimensional bipolar hydrodynamic model for semiconductors in the form of Euler-Poisson equations
and proved the stability of the nonlinear diffusion wave for this model. For other related results about
Cauchy problem, one can refer to [1,2,3,10,13,15] and some references therein.
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For the initial-boundary value problem on a half line R, Nishihara and Yang [12] considered the large
time behavior of the solution of the p-system with linear damping respectively under Dirichlet boundary
condition (u(0,t) = 0) and the Neumann boundary condition (u,(0,t) = 0). Precisely, in the case of null-
Dirichlet boundary condition, They obtained the optimal convergence rate by using the Green function
of the diffusion equation with constant coefficients, and proved the solution (v, u) tend to (vy,0) as t
tends to infinity. In the case of null-Neumann boundary condition, they proved the solution v(z,t) tends
to diffusion wave v(z,t), and obtained the optimal convergence rate when vg(0) = v;.. For the asymptotic
behavior of solutions to the other equations with nonlinear damping, we refer to [8],[9],[11],[12] and some
references therein.

In light on equation (1.1), We have already studied the well-posedness and large time behavior of the
solution of the Cauchy problem. In this paper, we further guess that there is a wave phenomenon for the
initial-boundary value problem. Precisely, We are interested in the global solutions in time of the initial-
boundary value problem of the semi-linear wave equation (1.1)~(1.3) and the asymptotic stability to

T X

diffusion wave E(ﬁ)’ as t tends to 400, where v( \/m) is a self-similar solution of the one-dimensional
quaslinear parabolic equation

v + C’O'li)z1 = ﬁxlxla (1 4)
v(x1,t) = vy, as x — £oo, )
— 14%7©
where Cy = %11.572 o
Remark 1.1 By the Hopf-Cole transformation v = _C%) Inu, (1.4) is equivalent to heat equation
Up = Uy, 2, (1.5)

which has a self-similar solution u(\/%)

In [7], some fundamental dissipative properties of u(\/%) have been given clearly. In fact, by the

above Hopf-cole transformation, One can easily know that v( \/%) has the same decay properties which

play a role in the process of proof, So we present it in the Lemma below:

Lemma 1.1 For 2 < p < 400 and positive constant o depending on vy and v_, ( f+t) satisfies that

000 0 gy = Oy — v |(148)" 5135, (1.6)

Okl = O(1) |y — v_|(1+ )75 "w(a, 1), (1.7)

2

where k =1,2,..;1=0,1,2 and w(z,t) = exp{— 7 }.

The main purpose of this paper is to show the global existence and nonlinear stability of diffusion

wave ﬁ(ﬁ) for the initial-boundary value problem (1.1)~(1.3). Concretely, we establish a perturbation

equation for v(zx,t) — @(\/%H), then do some estimates on the perturbation equation by applying the

elementary time-weighted energy estimate. However, it exists a lot of difficulties at the actual calculation

due to the boundary effect and time-depending damping. One will find that the important inequality

used in [1] does not work in the estimation of the term fot fRJr(l + 1) 1p%w?, Fourtunately, we can use
the Poincaré inequality. Our main theorem can be stated as follows:

Theorem 1.1 Suppose that f(0) = f'(0) = 0 and (vo,v1) € Ha x Hy, then there exists a constant > 0
such that if

1(wo = 0) (@)l 2,y + 01 (@)l g1 yy +0 < 0, (1.8)
the initial-boundary value problem (1.1) exists a unique global solution v(x,t) satisfying
U(xv t) - {)( \/%th) € C([Ov 00)7 H2(R+))7
’Ux(l‘7 t) - 17;1;( \/%) € L2([07 00)7 Hl(RJr))?

Ut(xvt) - {)t(\/%) € C([07 OO), Hl(R+)) n LQ([O7 OO), H' (R+))7
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moreover, for any k = 1,2, we have

k

[050(,8) = 050 (1| o,y < CO(1L+1)73, (1.9)

and
oo t) = 5 8)| o,y < CO(L+1)7T, (1.10)
where § = vy —v_|.

Notations and preliminaries: Throughout this paper, we denote some positive constants only
depending on the function f by C and O(1) without any confusion. For function spaces, LP(Ry) is
Lebesgue space of measurable function on Ry whose p-th powers are integrable, with its norm

1
||fHLP(]R+) = (fRn |f|pd$>p 31 < p < 00,

and the norm simply denote by ||-|| when p = 2. Denote the usual I-th order Sobolev spaces on R, by
HY(R,) with its norm

m\

£l = Z |DEr|*)?

In particular, ||-||; = |-/ ;2 = [||| when I = 0. Generally, the integral region R will be omitted for concise
layout.

2 Priori Estimates

In this section, we proceed to establish some estimates by energy method which prepare for the proof of
Theorem 1.

Let ¢ = v(x,t) — 17(\/%), where 6(\/%) is the self-similar solution of (1.4), which approximates the
equation (1.1) provided that it satisfies

v + f(ﬁxl) = Ugyay + B, (2'1)

where
30;2
E =: f(tg,) — Cov, = O(1)|vy — v_ | 14+) " 2e” T

thus, ¢ solves the following initial-boundary value problem:

Pt + Pt — Qoo = F — 0y — B,
(¢, p1)(2,0) == (0, p1)(x) = (Do — v, 01)(7) (2.2)
@ (x,t)],_o = 0.

where

To make the proof of Theorem 1.1 concise, we divide it into the local existence and priori estimate,
where the local existence theorem can be proved by standard method, we omit it here. we focus our
attention on the priori estimates. For the end, we restrict ourselves to deal with the problem under the
following assumption:

Assumption 2.1 Fort € [0,T], ¢ € X(0,T) is a solution of (2.2), we assume that

N(t):= sup { A+ 0k ||k (o || +Z 14+ 0" |0k (0 || } (2.3)
k

<t<T
0<it< -

where € is a small positive constant.
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Proposition 2.1 Suppose that ¢ € X(x,t) is a solution of (2.2),then there are suitable small positive
constant 8, it holds that

t
e ()13 +ller ()11 + / (lee )1 + o)) dr < Cllgolly + Cllenll} + €82, (24)

where C' is independent of T
To proof proposition 2.1 , we establish a series of estimates of ¢ .

Lemma 2.1 Suppose that ¢ € X(x,t) is a solution of (2.2), then under the condition of Theorem 1.1,
there are suitable small positive constant §, it holds that

e O +ler O + [ o0 0)1Par < © (lnll + el + €% (25)

where C' is independent of T.

Proof. Multiplying (2.2); by ¢, and using integration by parts, we have

1 t t t
sle@I+ [NeatriPar+ [ [ Potsdar+ [ [ Gupdaar
0 0 Jry 0 Jry

1 t t . (2.6)
—sleoll+ [ elfar— [ [ Bodsdr— [ ppda
0 0 Jrt R+

Now, we estimate the right terms one by one. It follows by the Cauchy-Schwarz inequality, (2.3) and
E=0(1)8(1+1t)" 2w that

0

t
/ poudz| < el 0O +Cli(gr00) (2, O (2.7)
R+ o
and
t t 5
/ / Ep+typdedr < Co)l¢| o / / (1+1t) 2wdedr < C6?, (2.8)
0 Jry 0 Jpy
since fg Je(1 +7)"*wdzydt is bounded for any d > 0, and s > 3.
On the other hand, By use Taylor formula and f(0) = f'(0) = 0, we get

Bl =15 (pa + ) = f(@)| = | @2)px + OW)lial?|
=0(1) || + 061 +6)F |u]

(2.9)

thus, by using priori assumption, Cauchy-Schwarz inequality and boundary condition (1.3), we have

t t
/ / Fodzdr SC/ / (gai || +0(1+7)" 2 |¢] |<p$w|)dxd7'
0 R+ 0 R4

t t
§0(5+6)/ ||<sz2dT—|—C5// (1+6) 1 p2?dadr
0 o Jr,

t t
X 720@2 2
<C €+5/ " 2d7’—|—06// e” 1 |||l 2 e dadT (2.10)
+8) [ leal | ae el
t t
<C(e+0) / lgalPdr + O3 / lpalldr

t
§0(5+5)/ x| ?dr+C62.
0
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(23

where in the third inequality, the following Poincaré inequality has been used
1
o (@,1)] < [@(0,8)] + 22[|¢zl L2 (r) = € R. (2.11)
Substituting (2.7), (2.8) and (2.10) into (2.6), we have

t t
O + [ llesr)lar < Cellee + [ lodPar+C (ool +lenlP+8) . (212)

Next, we estimate [|¢;||. Multiplying (2.2); by ¢, and integrating the result on [0,t] x R, we have

1 t t t ~
Slered @+ [No@Par+ [ [ Podsars [ [ supdadr
0 o Jr, o Jr,

X t (2.13)
5l @O - [ [ Bodudr
0 v
By using (2.9), E = O(1)63(1 + t)~3w?® and Cauchy-Schwarz inequality, we have
¢ t )
|| Pesar| <c [ [ (o407 ol lpusl )dadr
0o Jry o Jr, (2.14)
t ) '
<C(e+8) [ eaen) (r)IPdr,
0
and
¢
/ Eypydxdr
o Jr,
t 3
gca?’/ / (1+1) 2wpdzdr (2.15)
o Jr,
t
<c5/ e ()| 2dr + €82,
0
Thus, choose suitable small positive constant §, we have
2 i 2
oz o) @+ [ llor (r)Pdr
0 (2.16)

t
<C(e+9) [ llea (DIPdr +Cliea, ) (2,0 + OB
0

combining (2.12) and (2.16), then Lemma 2.1 have been proved.

Lemma 2.2 Suppose that ¢ € X(z,t) is a solution of (2.2), then under the condition of Theorem 1.1,
there is a suitable small positive constant 6, such that ¢ satisfies

t
e (1T +llpae 01 + / 1(Pats paz) (T)]I7dT < Cllgolls + C len]lF + C62, (2.17)
0

where C' is independent of T.

Proof. By differentiating both sides of equation (2.2); with respect to x, we obtain

Prtt + Pt + 'tht + Fa: = Praxz — Ez7 (218)
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First, multiplying (2.18) by ¢,, and integrating the result on [0,¢] x R, we have
1

5/ (S% + 2<Pzt§0z d:E +/ / 2 dadr
/ / Vzeeprdrdr — / somsozdf + / / (932 + @2¢)dr (2.19)
-0 o Jry
o Jr 4 o Jr |

By Cauchy-Schwarz inequality, and (2.5), we have

t
// Frpo dxdr
0 JR,
t t 1
§c7@%5><j/l/‘<1aw‘1whfdxd7rj/l/‘<1+w—2|¢£mwmuhﬂf> (2.20)
o Jr, o Jr,

t
C@+J)Anwm%ﬂ

where in the first inequality,we use the following formula

|Fx| = |(f (‘Pm + Ex) - f(l_)x)):p‘
<|f' (pa + V2) (Paz + Vzz) = f' (Uz) Voa (2.21)
<O+ 1) pu| + COL+1) 2 |ipal

Since |E,| = O (1) 63(1 +t) " %w?, we have
¢
/ / Eyp dxdr
0o JR:
t
SC&/ / (1+14)7? |w?| || dwdr (2.22)
o Jry

t
gc&/ o] dr + C62.
0

In light of the boundary term, Noting that (1.3), and substituting it into (2.2), we get

‘sz|x=o = (f(@z + ;) = f(02) + C’Of)i + 6“) |z:0

, ) o (2.23)
=0 (1) 2" + O (1) pate + (Co + O(1)) 03 + V.
On the other hands, according to Sobolev inequality, i.e. for any ¢t € [0, T], we have
lp (@,1)] < Cllgz |l 1@eall < Cllpall;- (2.24)
Thus, by using (2.23), (2.24) and (1.7), we have
t
/ Ooapz| AT
0 =0
t
Sc/ Somt (9012 + (Px@z + 175 + @tt) dT
0 v=0 (2.25)

t
C(e+0) / prdT
0

=0

t
0@+®/quﬁw,
0
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To sum up, we have

o (¢ / | gasllZdr

(2.26)
<Cllpat (1) + C/O lpael*dr + Cll(¢x, ar) (2, 0)[|* + C52,

Next, we proceed to estimate |4+ (t)]]. Multiplying (2.18) by ., and integrating the result on [0,¢] xR,

we have
1
3 1@ee: put) @)% + / @t (7)]|7dT + / / UgttpardadT + / / Frpgrdadr
; (2.27)
_2 H (Pza, pat) (2,0) H / ‘pwz‘Pzth / / Eypprdadr
0
We only estimate the boundary term fot wmm@mtdr‘ . The estimation of other terms are similar to
(2.20) and (2.22). By using Integration by parts, (2.23) and Sobolev inequality, we have
t
/ PrxPxt dr
0 =0
t
:/ Pt (f(‘pa: + 'D;E) - f("_]:v) + Col_)i + ’Dtt) dr
0 =0
t
SC/ Qozt (SD:L’Q + 90177::: + ’Ui + ’Dtt) dT
0 x=0
tgd
< C/ <m> + (@i)tﬁz + @ztﬁg + Ot Vst dr (2.28)
0 =0

<*Csﬁ <903m + YUz + Uy +Utt)

x=0

dr

t
+ O/ Pz (@xﬂxt + 20, Vgt + ﬁttt)
0

€T

=0
<C(c+6) (m W+ [l (T>|idr).

Thus, substituting (2.28) into (2.27), and combining (2.26), we finish the proof.

Remark 2.1 one can deduced Proposition 2.1 immediately provided that € and 6 are small enough by
combining Lemma 2.1 and Lemma 2.2.

Until now, it has been proved that the diffusion wave o( m) is asymptotically stable to the solution

¥ of the initial-boundary value problem (2.2), as ¢ tends to infinity. Next we will show the decay rate in
time of the solution y(z,t).

Lemma 2.3 Suppose that ¢ € X(x,t) is a solution of (2.2), then under the condition of Theorem 1.1,
there is a suitable small positive constant §, such that ¢ satisfies

t
A+ DlenedOF + [ [ 0+ndia <ol +lal) e @)
0 +

where C' is independent of T
Proof. Multiplying (2.2); by (1 + t)gp,g7 and using integration by parts, we have

1
*/(+T)(<ﬂz+w // (1+7)pidedr = // @7 + ¢t ) dadr
// 1+7) Uttcptdxdr—// 1+7) Fgotdde—// 1+ 7) Epidxdr

(2.30)
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By applying Cauchy-Schwarz inequality and (2.4),we have

/ / (14 7) Ogpppdadr <C§/ / (1+ 7)71 |prw| dzdr
R+

(2.31)
<C§/ / (1 +7) p2dadr + C6°.
0 Jry
t
/ / (14 7) Fpidxdr
0 Jry
t t .
<C// (1+T)|<picpt’d;vd7+5// (14 7)2 |pawepy| dedr (2.32)
o Jry o Jry
t
C(5+5)/ / (14 7) @2dadr + C82,
Ry
and
/ / (14 7) Epidzdr <C(5/ / 1+T)_%w3<ptdxd7'
o (2.33)

<05/ / (14 7) p?dadr + CH°.
R+

substituting (2.31)~(2.33) into (2.30), and choosing suitable small € and ¢, we complete the proof.

Lemma 2.4 (Decay estimates) Suppose that p € X (z,t) is a solution of (2.2), then under the condition
of Theorem 1.1, there exists a suitable small positive constant §, it holds that

t

t
(1 + 02| (res ur) ()2 + / (14 7) @2, dedr + / (1+ )22, dedr
0 0 (2.34)

<Cligollz + Cllea iy +Co*.
where C is independent of T .
Proof. Multiplying (2.18) by (1 + t)gox, and using integration by parts, we have

/ / 1+7) gomdxdr

¢
/ / (1 +7) g2 dadr + = / <pid:c + 1 / / o2dadr — / (14 7) Paapzdr
R 2J)o Jr 0
+ 0 +
t ¢
— / / (1+ 7) Vprpedadr — / / (1+7) Fpgdzdr — / / (14 7) Epzdadr
o Jry o Jry o Jry

we only estimate the boundary terms similarly, by Sobolev inequality and the priori assumption, we
have

1

(2.35)

z=0

/ (1 4+ 7) Puzn dr
0 =0
t
= / 1+ T) Pz (f(@:v"‘@z) _f(@r)"’CO@i‘f'@tt) dr
0 =0
t
= [a+ 06 (00) (oo + 0.+ Cott - 0)| ar (2.36)
0 =0

dr
=0

t
<C(a+5)/ o
0

C e +96) / lpe (DI dr,

NHMP Copyright © 2021 Isaac Scientific Publishing
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substituting (2.36) into (2.35), we have
5 t
1+ 0lles O + [ (147) o dadr
0
t
<Cllpol} +Clieall + € [ (147 pdndr + O3
0

Next, Multiplying (2.18) by (1 + t)@s¢, and using integration by parts, we have

+2/ / 1+7) @Itdmdr

// 02+ @2 dde—Q/ (1+7’)<,0M<pltd7'

—2/ / (1+T)ngxd:vd7'—2/ / (1+ 7) Ezdxdr
o Jry o Jry

according to boundary condition and Sobolev inequality ,we have

t
/ (1 + 7') PrxPat dr

0 z=0
t

0 =0
t

= / (1 + 7) @ar (O (1) (o + 02)" + Covy + 01e)|  dr
0 x=0

= / 1+4+7) (O (1) (ng) +0(1) (‘Pi)tq_fz + (0 (1) + Co) @th_]i + QOzt?_Jtt)

=0
t

=— (1+7)ps (0(1) %ﬁ + 0 (1) 2tz + (O (1) + Co) B2 +m>

z=010

+ / (1 4+ 7) 9z (O1) patar + 2 (0 (1) + Co) VaVat + Viee)

x=0

dr

z=0

+ / ¢ (0(1) @i + O (1) oz + (O (1) + Co) 05 + e )
0

<C(e+0) (1 + )2 [l O [9ax (Dl + C (= +6) / ez (D lpze (T)] d7

<C (e +6) (1 + 1) paa ()1 +C(6+5)/ llpw (D)7 dr + C6”.

substituting (2.39) into (2.38), we have

t
(14 01 aarat) O + [ (147) idadr < € (ol + ) + €%

0

Combining (2.37) and (2.40), we obtain

(L4 8) s (D2 + (L + 1) par ()] + / (1+47) (62, + ¢2,) dadr

C (||<P0||§ + ||<p1Hf) +C82.

Copyright © 2021 Isaac Scientific Publishing
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(2.37)

(2.38)

(2.39)

(2.40)

(2.41)
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Finally, multiplying (2.18) by (1 + ¢)?p.¢, and using integration by parts, we have

/ / 1+7) goztdwdf
/ / (1+7) gom + S%t) dzdr — / 1+ T)ngzztpzth
/ / 1+7) vttgozdwdT — / / 1+7) FgozdxdT
—/ / (1 +7)°Epydzdr
0 JRy

By Sobolev inequality and Lemma 1.1, and Poincaré inequality ,we have

1
5/ (1+T) (@xm""‘ﬂxt

2=0 (2.42)

t
/ (1 + T)230$w<)0wt dT
0 =0
t
— [+ en (pat52) = £ () + Cot? +5)| dr
0 =0
t
= / 1+ 7)230& ((9096 + T)m)2 + CO’Ei + 17tt> dr
0 =0

= /Ot 1+ 7)° <o (1) (?)t +0 (1) (#3),0: + (0 (1) + Co) Ty + somtt)

=0

2
-1+ t)anx <O (1) % + 0 (1) 0, + (0 (1) + Co) 02 + Ett> (2.43)
z=0

t

+ / (1 + 7)%00 (0 (1) @utat +2(0 (1) + Co) Valgt + Vpur)|  dr
0 z=0
t

+2 [ 1470 (O & +0W) et + (O W)+ Co) i +ou)|  dr

0 =0

t
<C(e+90) (1 + 1) [lee (D) [|ze (D)) +C (e +6) /O oz (T [|ze (T)[| d7
t
<C(e40) (1 + 1) [lpaw ()]* + C (e + 5)/ o (717 dr + O,
0
on the other hand,by using Cauchy-Schwarz inequality, we have
t
/ / (1+ T)Qngowtdl‘dT
0 Jr,
t t .
<C(5/ / (14 7) |pput| dadr + C (e + (5)/ / (14 7)2 |@paut| dadr
0 R+ 0 R+ (2.44)

t t
<C(E+5)/ / (1+7)2cpitdxd7+0(5/ / (14 7) 2, dadr + C5°
0 JRy 0 JRy

t
<C (e +9) / / (14 7)°p2,dadr + C62.
0 Jry

substituting (2.43) and (2.44) into (2.42), Combining (??)and choosing suitable small € and ¢, then we
finish the proof.

NHMP Copyright © 2021 Isaac Scientific Publishing



New Horizons in Mathematical Physics, Vol. 5, No. 1, March 2021 11

3

Proof of Theorem 1.1

According to Lemma 2.1 ~ Lemma 2.4, we obtain the uniformity priori estimate provided that

100 — D)@l g2z, + 01@) g1y +6 <3

is met. Further, the existence of global solution been guaranteed by applying the local existence theorem
and a prior estimation by using continuity argument. Moreover, we obtain the decay rate

2
SN @+t)? ok (L) < 62, (3.1)
k=0

by applying Gargliado-Nirenberg inequality, we have

I (Dl < Clle (02 lpae (D)7 < C6A+1) . (3-2)

Thus, Theorem 1.1 is proved.
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